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Abstract: Gould, Jacobson and Lehel (Combinatorics, Graph Theory and Algorithms, Vol.I
(1999) 451-460) considered a variation of the classical Turdn-type extremal problems as follows:
for any simple graph H, determine the smallest even integer o(H,n) such that every n-term
graphic sequence m = (dy,ds, . ..,dy,) with term sum o(7) = dy +da+---+d, > o(H,n) has a
realization G containing H as a subgraph. Let F} ,; denote the generalized friendship graph
on kt — kr + r vertices, that is, the graph of k copies of K; meeting in a common r set, where
K, is the complete graph on ¢ vertices and 0 < r < ¢. In this paper, we determine o(F}, x, n)
fork>2,t>3,1<r <t—2and n sufficiently large.
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1. Introduction

The set of all sequences m = (dy,ds, ..., d,) of non-negative, non-increasing integers with d; <
n — 1 is denoted by NS,. A sequence m € N.S,, is said to be graphic if it is the degree sequence

of a simple graph G on n vertices, and such a graph G is called a realization of w. The set of
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all graphic sequences in NS, is denoted by GS,,. For a sequence m = (di,ds,...,d,) € NSy,
denote o(w) = dy +da + --- + d,. For a given graph H, a graphic sequence 7 is said to be
potentially (respectively, forcibly) H-graphic if there exists a realization of m containing H as a
subgraph (respectively, each realization of 7 contains H as a subgraph). Given any two graphs
G and H, G U H is the disjoint union of G and H and G + H, their join, is the graph with
V(G+H)=V(G)UV(H) and E(G+ H) =E(G)UE(H)U{uvlu € V(G),v € V(H)}.

The classical problem in extremal graph theory is as follows: given a subgraph H determine
the smallest integer m such that every graph G on n vertices with edge number e(G) > m
contains H as a subgraph. This m is denoted by ex(H,n), and is called the Turdn number of
H. In terms of graphic sequences, the number 2ex(H,n) is the smallest even integer such that
each sequence m € G, with o(w) > 2ex(H,n) is forcibly H-graphic. Gould, Jacobson and
Lehel [7] considered the following variation of the classical Turdn number ex(H,n): determine
the smallest even integer o(H,n) such that each sequence m € GS,, with o(w) > o(H,n) is
potentially H-graphic. The instance of this problem when H = K, the complete graph on r
vertices, was considered by Erdés, Jacobson and Lehel [3] where they showed that o(K3,n) = 2n
for n > 6 and conjectured that o(K,,n) = (r —2)(2n —r + 1) + 2 for n sufficiently large. Gould
et al. [7] and Li and Song [11] independently proved it for » = 4. In [12,13], Li, Song and
Luo showed that the conjecture holds for r = 5 and n > 10 and for » > 6 and n > (rgl) + 3.
Recently, Li and Yin [14] further determined o(K,,n) for r > 7 and n > 2r + 1. The problem

of determining o(K,,n) is completely solved.

For 0 < r <'t, denote the generalized friendship graph on kt — kr +r vertices by F} , 1, where
F, ;1 is the graph of k copies of K; meeting in a common r set. Clearly, F;, = K, + kK;_,,
where kK;_, is the disjoint union of k copies of K;_,. Since Fy,1 = F;; = K;, we have that
o(Fipr1,n) = 0(Fypp,n) = o(Ky,n). The graph Fh o) = kKo was considered by Gould et al.
in [7], where they determined that o(Fy04,n) = (k — 1)(2n — k) + 2. The graph F3;, the
friendship graph, was considered by Ferrara, Gould and Schmitt in [5], where they determined
that o(F316,n) = k(2n—k—1)+2 for n > k% + %k: — 1. Lai [10] determined o (F 1,2, n). The

graph Fj; 1, the r; X --- x r; complete t-partite graph with vy = --- =r;_1 = 1 and r; = &,



was considered by Yin and Chen in [16], where they determined that

(k+2t—5n—(t—2)(k+t—2)+2 ifkorn—t+1isodd,
o(Fr -1k, 1) =

(k+2t—=5)n—(t—-2)(k+t—2)+1 if kand n —t+ 1 are even
for n > 3t +2k? + 3k — 6. In fact, [16] also contains a proof of the conjecture of Erdés et al. as a
consequence of this main result (the case of k = 1). The graph F} o ;, = kK, and the graph F}; o,
were considered by Ferrara in [4], where he determined that o(Fiox,n) = (kt —k —1)(2n — kt +
k) + 2 for a sufficiently large choice of n and o(Fi;—ok,n) = (t+k —3)(2n —t — k+2) + 2 for
a sufficiently large choice of n. The purpose of this paper is to determine o(F} ., n) for k > 2,

t>3,1<r<t—2and n sufficiently large. That is, we establish all remaining cases. The

following is our main result.

Theorem 1.1 Letk > 2,t >3 and 1 < r <t — 2. Then there exists a positive integer

g(t,r, k) such that for alln > g(t,r, k),
o(Fipp,n) = (n(t,r k) —k—1)2n —n(t,r k) + k) + 2, (1)

where n(t,r, k) = kt — kr + 1 is the order of Fy, .
One can see that o(Fy .5, n) > (n(t,r, k) —k —1)(2n —n(t,r, k) + k) + 2 by considering the

graphic sequence
m=((n— )"t r k) — K — 1) ErRERE,

which has degree sum

o(r) = (n(t,rk)—k—1)(n—1)+ (n—n(t,rk)+k+1)(n(t,rk)—k—1)
= (n(t,r, k) —k—1)2n —n(t,r, k) + k),

where the symbol x¥ in a sequence stands for y consecutive terms, each equal to x. This sequence
is uniquely realized by Ky, x)—k—1 +Fn7n(t,r,k)+k+1- To see that K4 rx)—k—1 +Fn,n(t,r7k)+k+1
contains no copy of Fj, . first notice that any k + 1 vertices of F}, ; must contain at least one
edge. Now if Ky, p)—k—1 + fn_n(t’r’kaH were to contain a copy of F .\ it must contain at
least k + 1 of its vertices from the subgraph Fn—n(t,r,k)ﬂcﬂ of Ky(trk)y—k—1 T Fn,n(tyr,kaH,

however this subgraph does not contain an edge. This lower bound first appeared in [15] and



can also be generated using the techniques in [6]. For » = 1, Chen et al. [1] determined the

Turdn number of F} ;. as follows:

k2 — k41 if k is odd,

ex(Fyqp,n) = ex(K,n) +
k2 — %k:—i— 1 if k even.

The Turdn number of F} , ;. in the more general case is unknown.

2. Useful Known Results

For m = (d1,da,...,d,) € NSy, let d} > d) > --- > d] _; be the rearrangement in non-increasing
order of do — 1,d3 — 1,...,dg,+1 — 1,dg,+2,...,dn. Then 7’ = (d},d5,...,d,,_;) is called the
residual sequence of m. For example, let 7 = (4,3,3,2,2,2). By deleting d; = 4, and then
reducing the first 4 remaining terms of 7 by one, we get the integer sequence 2,2,1,1,2. Reorder
the integer sequence 2, 2,1, 1,2 in non-increasing order, we get that the residual sequence of w
is 7 = (2,2,2,1,1). It is easy to see that if 7’ is graphic then so is 7, since a realization G of
7 can be obtained from a realization G’ of 7’ by adding a new vertex of degree d; to G’ and
joining it to the vertices whose degrees are reduced by one in going from 7 to n’. Each of the

following results will be useful as we proceed with the proof of Theorem 1.1.

Theorem 2.1 [17,18] Let m = (d1,ds,...,d,) € NS,, x = dy and o(m) be even. If there
exists an integer ny, n1 < n such that dp, >y > 1 and ny > i {WJ, then m is graphic.

Theorem 2.2 [7] If 7 = (di,ds,...,d,) € GS, has a realization G containing H as a
subgraph, then there exists a realization G’ of m containing H as a subgraph so that the vertices
of H have the largest degrees of .

Theorem 2.3 [19] Let n > 2m + 2 and 7 = (d1,da,...,d,) € GSy with dpyy1 > m. If
dom+t2 > m — 1, then w is potentially K, y1-graphic.

Theorem 2.4 [4] Let H = Ky, U---U Ky, , where each m; > 2. Then for a sufficiently

large choice of n,

o(Hn)=m—-k—1)2n—m+k) + 2,

where m = Y8 my.



3. Proof of Main Result

From here forward, let £k > 2, ¢t > 3, 1 < r <t — 2 and n be a sufficiently large integer. We
begin the proof of Theorem 1.1 by showing that any graphic degree sequence with sum at least
that given in Equation (1) has certain properties. In each part of the following lemma the proof

follows by a contradiction to the degree sum.

Lemma 3.1 Letm = (dy,ds,...,d,) € GS, with o(w) > (n(t,r, k) —k—1)2n—n(t,r, k) +
k) + 2. Then
(1) dr >n(t,r k) —1,
(2) dn(t,r,k) > n(ta Ty k) — k-1,
(3) dn(t,r,k)—k+1 > n(tv r, ’IC) - k7
(4) If there is some £, 0 < ¢ < kt — kr — k — 2 such that d,.y > n(t,r,k) — 1 and
d7"+€+1 < ’I”L(t,?“, k) — 2, then dn(t,r,k) > n(t,?“, k) — k,
(5) p(m) > +/o(m), where p(m) = maz{i|d; > 1}.
Proof. (1) If d, < n(t,r k) — 2, then for n sufficiently large,
o(m) < (r—1(n—1)+m—r+1)nltrk)—2)
< (n(t,r, k) —k—1)2n —n(t,r, k) + k) + 2
(2) If dy ) < n(t, 7, k) — k — 2, then by applying the well-known Erdés-Gallai [2] charac-
terization of degree sequences,
0'(77) = Zn(trk) 1d+21 ntrk)d
< (n(t,r, k) = 1)(n(t,r, k) = 2) + 3251 py min{n(t, 7, k) — 1, di})
+ Z?:n(t,r,k d

= (n(t,r,k:)— )( (t,'l“, ) )+221 n(t,rk)
< (n(tv T k) - )(n(ta Ty ) )
+2(n — (n(t,r k) — 1)) (n(t,r, k) — k — 2)

< (n(t,r,k) =k —1)(2n — n(t,r, k) + k) + 2 for n sufficiently large.

3) If dpytri)—kr1 < n(t,r, k) — k — 1, then as in the proof of part (2) we apply the result
(tr,k)—k+

of Erdds-Gallail to reach a contradiction.



(4) If dygppy < n(t, 7 k) —k—1, then

or) < (m=10+0)+ (n(t,rk)—2)(kt—kr—0—1)

+(n(t,r k) —k —1)(n — (n(t,r, k) — 1))

(2n(t,r, k) — 2k —3)n+ (n(t,r, k) — 2)(kt — kr — 1)

—(n(t,r, k) —k —1)(n(t,r, k) — 1)

< (n(t,r,k) —k—1)(2n — n(t,r, k) + k) + 2 for n sufficiently large.

IN

(5) Since (p(m))? > p(r)(p(r) — 1) > p(r)ds > Sy ds = (), we have p(r) > \/a(m). O

Let m = (dl,dg,...,dn) € S, with
N=2>d > > dygpgy = = dayyo > dayrg > > dy

and

o(m) > (n(t,r, k) — k —1)(2n — n(t,r, k) + k) + 2.

By Lemma 3.1, d, > n(t,r, k) — 1 and dy, ) > n(t, 7, k) — k — 1. We construct the sequence

e L 0 |
mo= (s dS A e A

from 7 by deleting di, reducing the first d; remaining terms of m by one, and then reordering

the last n — n(t,r, k) terms to be non-increasing. For 2 < i < r, we construct

_ (40) (4) (4) i
i = (dif1s-- - Dty 1) Dty 10 7 d@)y
from
_ (40=1) (i-1) (i-1) i—1
Ti—1 = (dl e ’dn(t,r,k)’ dn(t,r,k)—i—l’ . 7d7(z ))

by deleting dgi_l), reducing the first dz(»i_l) nonzero remaining terms of m;_; by one, and then
reordering the last n — n(t,r, k) terms to be non-increasing. The manner in which we construct
mi, 7+ 1 <i<mn(t,r, k) depends on two cases.
Case 1. dppp)—k—1 = n(t, 7 k) — 1.

In this case, we proceed as above and construct m;, r+ 1 < i < n(¢t,r, k) from m;_1 by
removing dgi_l), reducing the first dgi_l) nonzero remaining terms of m;_1 by one, and then

reordering the last n — n(t,r, k) terms to be non-increasing.



Case 2. There is some ¢, 0 < ¢ < kt — kr — k — 2 such that d,1y > n(t,r,k) — 1 and
dr+€+l < n(t,r, k) -2

By Lemma 3.1, dy ;1) > n(t,7, k) — k. In this case, we first construct m;, r+1<i <r+/¢
(i (i-1)

as above, by removing d; U from m;—1, reducing the first d; nonzero remaining terms of
mi—1 by one, and then reordering the last n — n(¢,r, k) terms to be non-increasing. From the
definition of m; for 1 < ¢ < r + £, it is easy to see that

(r+2)

— (grto (r+0)  (r+0)
Tt = (it gy Gnergysrs - dn )
r+£ 44
= (e = (r+0),.. ’dn(tﬂ"vk’) — (r+40), dq(m(:—,r?k)—&-lv e 7d$1 * ))7

and hence

kt—kr—0—2>d7 0 > o> gm0 s b e —k

r+0+1 = n(t,rk)
= k(t—-r—£-1)
= (t—r—Lft-D+k-Dt-—r-—£-1)
> (t—r—f-1)+ (k—1)(t—r— H=hr=h=2 )
> t—r—%.

Moreover,

A > ey — (P +0) >kt —kr — 0 —k > 2

1(;(:?1@) I ,d((i:ié) differ by at most one. This implies that p(m,¢) = p(7). Let

=101+l + -+ bk, where ¢; = LéJ or L%J + 1 for each i = 1,...,k. In other words, ¢ is

and the terms d

partitioned into k parts of sizes £1, ...,/ as evenly as possible. Denote x; =t — r — ¥¢; for each

i=1,...,k. Then for each i =1,...,k, we have

kit —Fkr—0—2>d"0 > > g0+ s>

TH+1 = n(t,r,k) = =
Let
Y .
dﬁﬂj = frierj + (21— 1) for 1 < j <y,
(r+£)

Ayspizyrj = Jrotvai+i + (xg — 1) for 1 < j < xo,
E .
d1("7:242x1+~--+xk,1+j = fr+e+m1+--~+xk,1+j +(xp —1) for 1 <j < .
Clearly, 1 < fryopm < (kt —kr —€—2) — (t —r — |£]) + 2 foreach m = 1,..., kt — kr — £. We

now construct m;, 7+ £+ 1 <i < n(t,r, k) from m;_1 by removing dgi_l), reducing the first f;



nonzero terms, starting with at-y

n(t,rk)+1 by one, and then ordering the last n — n(t,r, k) terms to

be non-increasing. Note that if n is sufficiently large, then p(m,¢) = p(7) > /o () (by Lemma
3.1) is also sufficiently large. Moreover, f,ypim < kt —kr for each m =1,...,kt — kr — £. Thus,
we can be assured that for n large enough, there is a sufficient number of positive terms in each
mi—1 (r+0+1<i<n(trk)) to construct m; without forcing any terms in 7; to be negative.
We now present the following crucial lemma.

Lemma 3.2 If m, k) 8 graphic, then w is potentially Fy, -graphic (i.e. potentially
K, + kK;_, )-graphic.

Proof. Let Gy, k) be a realization of m,q , 1) With V(Gyrk) = {Vn(t,r k)41, - - - > Vn} and
A(Vn(trk)+j) = dgégtrrk]?zzj for 1 < j <n—n(t,r k), where d(vy . x)+;) is the degree of vy r1)4;
in Gyt k). Denote mop = m. The proof of Lemma 3.2 now breaks into the following two cases.

Case 1. dppp)—k—1 = n(t, 7 k) — 1.

Fori=n(t,r,k)—1,...,1,0 in turn, we can construct a realization G; of 7; from the realiza-
tion G;41 of w41 by adding a new vertex v;+1 to G;4+1 and joining it to the vertices whose degrees
were reduced by one in going from 7; to m;11. Since dy ¢y g)—p1 = n(t, 7, k) —k (by Lemma 3.1),
we have dgl%trrkﬁ)__kk_l) > dg%t;kl;)_;]rll) > 1, and hence vy, (¢ r k) —kVn(t,rk)—k+1 € E(Grrp)—k—1)-
In creating m1, ..., Tp,rk)—k—1, the fact that dp . py—k—1 > n(t,r, k) — 1 implies that the real-
ization G of 7 created in this manner will contain a copy of K, + (Kkt—pr—x—1 + (K2 U (k —
1)K1)) such that V(K;) = {v1,..., v}, V(Kkt—kr—k-1) = {Vrt15- - Untri)—k—1) V(K2) =
{Vn(t,r k)= Un(trk)—k+1 ) and V((k — 1) K1) = {Vn@r k) —k42> - - - Un(trk) )+ 1t IS easy to see that
Kyt gr—k—1 + (Ko U (k — 1)K) contains kK;_, as a subgraph. Thus, G contains K, + kK;_,
as a subgraph.

Case 2. There is some ¢, 0 < ¢ < kt — kr — k — 2 such that d,.y > n(t,r,k) — 1 and
dyyor1 < n(t,r k) —2.

For i =n(t,r,k) —1,...,7+ £+ 1,7 + £ in turn, we can construct G; from G;;1 by adding
a new vertex v;y1 to G;41 and joining it to vertices of those degrees that were reduced by one
in the formation of ;4. It is easy to see that G, is a realization of

r4-4 r
(fr—&—f—&-la s 7fn(t,r,k:)7 dfl(:r,r?k)—s—l’ . ,d% +€))



such that d(vyie1j) = froe; for 1 < j < kt —kr — £ and {ve1441,.. -, Vpgpp)t forms an
independent set in Gy1¢. We now construct a realization G/, ¢ of Ty g from Gy g by adding those
edges such that {vrqeyzotta; 1415+ s Vrtbiagtta;_1+a; y forms aclique for each j = 1,... kK,
where xg = 0. For convenience, the graph G;H is still denoted by G4 y. Fori =r+¢—1,...,1,0
in turn, we then can construct a realization G; of m; from the realization G;+; of m;+1 by
adding a new vertex v;11 to G;41 and joining it to the vertices whose degrees were reduced
by one in going from m; to mi+1. The fact that d.,, > n(t,r, k) — 1 implies that G contains
K, + (K¢ + (Kgz U---UKy,)) as a subgraph. It is easy to see that K; + (K;, U--- U Ky,)

contains kK;_, as a subgraph. Therefore, Gy contains K, + kK;_, as a subgraph. O

Proof of Theorem 1.1. In order to prove
o(Frrp,n) < (n(t,r,k) —k—1)2n —n(t,r, k) + k) + 2,
it is enough to prove that if 7 = (dy,ds, . ..,d,) € GS, with
o(m) > (n(t,r, k) —k—1)2n —n(t,r, k) + k) + 2,

then 7 is potentially F}, p-graphic (i.e. potentially K, + kK;_,-graphic). The proof follows by
induction on r (and any ¢t > r+2). If r = 0, then o(7) > (kt—k—1)(2n—kt+k)+2. By Theorem
2.4 (the case of my = --- = my, = t), 7 is potentially F} -graphic (i.e. potentially kK;-graphic)
for any ¢ > 2. Now we assume that the result holds for »r — 1 (and any ¢ > (r — 1) + 2), where
r > 1. We will prove that the result holds for r (and any ¢ > r +2). Let ' = (d},d},...,d,, ;)

be the residual sequence of w. By the well-known result of Havel [9] and Hakimi [8], 7’ is graphic

and
o(n') =o(m) — 2d;

> (n(t,r, k) —k—1)2n —n(t,r, k) + k) +2—2(n—1)
=Mnit—-1,r—1,k)—k—1)2n—-1)—nt—-1,r—1,k)+ k) + 2.
Byt —1> (r — 1)+ 2 and the induction hypothesis, 7’ is potentially F;_; ,_;  -graphic (i.e.
potentially K,_1 + kK, (t,l),(r,l)—graphic). In other words, there is some realization of 7’ that
contains a copy of K;—1 + kK_1)_(,—1). Furthermore, by Theorem 2.2, this implies that there
exists a realization of 7’ with K,_1 + kK(t—l)—(r—l) = K,_1 + kK;_, on those vertices having

degree dy,dj, . .. ,d;l(trk)_l. Now suppose that either d; = n — 1 or there exists an integer h,



n(t,r, k) < h <dj + 1 such that dj, > dp41. Then d, = dj;1 — 1 for each i =1,...,n(t,r k) — 1.
This implies that m would be potentially K, + kK;_,-graphic. Thus, we may assume that no

such h exists and hence that
n—2>d > 2dyprr) = =dd+2 > day13 > - > dy.

If dontriy = n(t,7,k) — 1, then 7 is potentially K, ,x)-graphic by Theorem 2.3, which is
sufficient to show that 7 is potentially K, + kK;_,-graphic. We now may further assume that
dont,rky < n(t, 7, k) — 2. If di < 2n(t,r, k) — 3, then

o(m) < (2n(t,r, k) —3)2n(t,r, k) — 1) + (n(t,r, k) —2)(n — (2n(t,r, k) — 1)).

This is less than (n(t,r, k) — k — 1)(2n — n(t,r, k) + k) + 2 for n sufficiently large. Hence
dy > 2n(t,r, k) — 2, i.e., dy +2 > n(t,r, k). This implies that

n(t,r, k) —2 > dyg iy = dngerk)+1 = = don(er) = - = ddy +2-
For each j =1,...,n(t,r, k), the terms dfj&mk)ﬂ, .. ,dgjn)(tmk), el d&i)w differ by at most one.

Hence ;1) satisfies, for some z > 1,

n(t,r.k n(t,r,k n(t,r,k
n(t’T’ k) —2z2z= dfl(gfr,k)ﬁl Z 2 dgn((i,r,k))) Z 2z d£l1$2 ) >r—1

If x =1, T, k) must be graphic as o(my, k) is even. If z > 2, then

4

r—1

1 \\(I+($1)+1)2J <x4+2<ntrk).

By Theorem 2.1, m,( 1) is also graphic. Thus, 7 is potentially K, + kK;,-graphic by Lemma
3.2. O
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