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Abstract. For a closed Riemannian orbifold O, we compare the spectra of the

Laplacian, acting on functions or differential forms, to the Neumann spectra
of the orbifold with boundary given by a domain U in O whose boundary is

a smooth manifold. Generalizing results of several authors, we prove that the

metric of O can be perturbed to ensure that the first N eigenvalues of U and
O are arbitrarily close to one another. This involves a generalization of the

Hodge decomposition to the case of orbifolds with manifold boundary. Using

these results, we study the behavior of the Laplace spectrum on functions or
forms of a connected sum of two Riemannian orbifolds as one orbifold in the

pair is collapsed to a point. We show that the limits of the eigenvalues of the

connected sum are equal to those of the non-collapsed orbifold in the pair. In
doing so, we prove the existence of a sequence of orbifolds with singular points

whose eigenvalue spectra come arbitrarily close to the spectrum of a manifold,
and a sequence of manifolds whose eigenvalue spectra come arbitrarily close to

the eigenvalue spectrum of an orbifold with singular points. We also consider

the question of prescribing the first part of the spectrum of an orientable
orbifold.
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1. Introduction

In a series of articles, Anné, Colbois, Takahashi, and others have studied the
behavior of eigenvalues of the Laplacian acting on functions and forms on closed
orientable manifolds with no curvature assumptions under conditions of collapsing
a submanifold [2, 3, 4, 5, 6, 7, 16, 42]. These authors have considered handled
manifolds, manifolds with balls removed, and connected sums of manifolds. They
showed that as the handles collapse, the balls fill in, or one part of the connected sum
collapses, the limit of the spectrum of the Laplacian acting on functions (resp. p-
forms) is equal to the 0-spectrum (resp. p-spectrum) of the Laplace spectrum of the
limit space, with careful counting of the zeros of the spectrum. Note that similar
results about the convergence of eigenvalues have been established for manifolds
with Ricci curvature bounded below, see [45] for a survey.

In this paper, we consider generalizations of some of these results to the case of
orbifolds. We focus on the case of the connected sum O1\O2 of two orbifolds O1 and
O2 along a nonsingular locus and the behavior of the spectrum of the Laplacian
acting on functions or p-forms as one of these orbifolds is collapsed to a point.
When O1 and O2 are manifolds, Takahashi proved in [42] that when O2 collapses
to a point, the 0-spectrum of O1\O2 converges to that of O1. An analogous result
for the spectrum of the Laplacian acting on p-forms was later proven by Anné and
Takahashi in [7].

Our primary motivation for considering this generalization is related to the well-
studied yet open question of whether the spectrum of the Laplacian acting on
functions or forms can detect the existence of orbifold singularities. In other words,
it is unknown whether or not there can be a manifold that is isospectral to an
orbifold with singular points. Doyle and Rossetti ([22]) and Rossetti, Schueth, and
Weilandt ([37]) have produced examples of isospectral pairs of orbifolds having
different maximal isotropy orders. This indicates at least the possibility of an
isospectral manifold-orbifold pair. We note that in the same direction, Gordon and
Rossetti showed in [28] that it is possible to have a 2p-dimensional manifold that
is isospectral on p-forms to an orbifold with a nontrivial singular set.

In certain contexts, however, it has been shown that a manifold cannot be 0-
isospectral to an orbifold with singular points. In [24], Dryden and Strohmaier
showed that isospectral orientable hyperbolic orbisurfaces have the same number
of cone points of a particular order. Linowitz and Meyer have also shown that
under mild assumptions, there is no such manifold-orbifold pair in the class of
length-commensurable compact locally symmetric spaces of nonpositive curvature
associated to simple Lie groups ([33]). More generally, by the work of Dryden,
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Gordon, Greenwald and Webb it is impossible for an even- (resp. odd-) dimensional
orbifold having an odd- (resp. even-) dimensional singular stratum to be isospectral
to a manifold ([23]). In [28], Gordon and Rossetti showed that a manifold and an
orbifold with singular points having a common Riemannian covering cannot be
isospectral. Finally, Sutton has shown that it is even the case that if an orbifold
O with singular points and a manifold M admit isospectral Riemannian coverings
M1 and M2, then O and M cannot be isospectral ([41]).

Here, we extend Takahashi and Anné–Takahashi’s results to demonstrate that if
the orbifold O2 in a connected sum O1 \O2 is collapsed to a point, then the spec-
trum of the Laplacian acting on functions or forms converges to the corresponding
spectrum of O1. To accomplish this, we generalize to orbifolds the results of Colin
de Verdière in [17], demonstrating that on a closed orbifold O of dimension at least
3, the metric can be perturbed off a domain U so that the first N eigenvalues of the
Laplacian acting on functions on O are arbitrarily close to the eigenvalues of the
Laplacian acting on functions on U with Neumann boundary conditions, see The-
orem 6.5. This formulation is framed in terms of the so-called N -spectral defect of
the quadratic forms associated to the respective operators, roughly the maximum
difference between the first N corresponding eigenvalues, see Definition 6.1. Be-
cause our intended application is that of connected sums, we restrict to the case of
orbifold domains U with smooth boundary and no singular points on the boundary.
We also describe the extension to orbifolds of a similar result of Rauch and Taylor
[36], extended to more general contexts in [2, 3, 4, 6, 12, 13], comparing the eigen-
values on a Euclidean domain to those of the Neumann boundary conditions after
removing a small ball, see Theorem 6.7. For the analogous result for the Laplacian
acting on differential forms, we generalize a result of Jammes [32] to orbifolds with
manifold boundary, see Theorem 7.1. An essential ingredient, which may be of
independent interest, is an extension of the Hodge decomposition to such orbifolds;
we explain this extension in Theorem 4.4 following the exposition of [40]. Note
that the Hodge decomposition has been extended to closed orbifolds in [9], but an
extension to the case of orbifolds with boundary is missing from the literature.

We then apply these results to collapsing O2 in a connected sum O1 \ O2 of
orbifolds admitting a piecewise differentiable metric that is not differentiable along
the boundary identification as in Takahashi [42]. For the Laplacian acting on func-
tions, we give two formulations in Theorems 8.1 and 8.4 that differ in whether one
allows perturbation of the original metric on O1; the result for the Laplacian acting
on differential forms is given in Theorem 8.7. By choosing one of the Oi to be a
smooth manifold and approximating the piecewise differentiable metric on the con-
nected sum with a smooth orbifold metric, this yields a sequence of orbifolds with
singular points whose spectra (on functions or forms) converge to that of a smooth
manifold, and similarly a sequence of smooth manifolds whose spectra converge to
that of an orbifold with singular points; see Theorems 8.5, 8.6, 8.8, and 8.9. Hence,
while the results of this paper do not provide the existence of a manifold that is
isospectral to an orbifold with singular points, we demonstrate that the spectra of
a nontrivial orbifold and smooth manifold can in some sense be arbitrarily near
one another using the intuitive construction of collapsing a connected sum. We
also extend results of Colin de Verdière by showing that the first N eigenvalues
of the Laplacian acting on functions on a closed orbifold O of dimension n ¥ 3
can be prescribed. In particular, given a closed Riemannian manifold pM, g1q of
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any dimension and any closed oriented orbifold of dimension ¥ 3, Theorem 8.10
demonstrates that one can find a metric g on O such that the first N nonzero
eigenvalues of the Laplacian of pO, gq acting on functions are equal to the first N
nonzero eigenvalues of the Laplacian of pM, g1q on functions. Switching the roles of
M and O, already by the results of [18], a manifold admits a metric with respect to
which its first N eigenvalues coincide with those of any fixed Riemannian orbifold
(and similarly for the Laplacian acting on forms using the results of [32]), though
the relationship between M and O does not have the clear intuitive connection of
collapsing of connected sums.

The outline of this paper is as follows. Sections 2 through 5 review background
and well-established results on manifolds, describing the modifications required to
extend them to the orbifold case under consideration. The reader familiar with
orbifolds may begin reading Sections 6 and refer back to these earlier sections for
definitions and background. Sections 6 through 8 include the key results on col-
lapsing. Specifically, in Section 2, we give background on orbifolds with boundary
and define the piecewise differentiable metrics that will appear on connected sum
orbifolds. Section 3 explains the extensions of fundamental results on differential
forms such as Rellich’s theorem, the Trace theorem, and Green’s theorem to orb-
ifolds with boundary as well as to the case of piecewise differentiable connected
sum metrics. The extension of the Hodge decomposition theorem to orbifolds with
manifold boundary is given in Section 4, and Section 5 confirms familiar properties
of the Laplacian acting on p-forms in the case of orbifolds with boundary (using
various boundary conditions) and orbifold connected sums. In Sections 6 and 7, for
the Laplacian acting on functions and differential forms, we compare the spectrum
of a closed orbifold to the spectrum of an orbifold domain with manifold boundary
and Neumann boundary conditions. Section 8 gives the applications of these results
to collapsing connected sums and the question of prescribing the first N eigenvalues
of the Laplacian acting on functions for a closed orbifold O.
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2. Orbifolds with boundary and with connected sum metrics

In this section, we introduce definitions of our two main objects of study, orbifolds
with boundary and orbifolds with connected sum metrics.
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2.1. Orbifolds with boundary. In order to carefully define an orbifold with
boundary, we begin by defining a real half space. Our treatment here follows that
of [1], [15], and [40].

Given a nonzero vector u P Rn, the corresponding half space Rnu is given by

Rnu :� tx P Rn | xx, uy ¥ 0u.

We say that a map h : Rnu Ñ Rk is differentiable at a boundary point of Rnu if it has

a differentiable extension h̃ : Rn Ñ Rk. The derivative Dh of h is the restriction of
the derivative Dh̃ to Rnu.

Definition 2.1 ([1, Definition 1.1]). Let XK be a second countable Hausdorff space
and let U be an open set in XK . An n-dimensional orbifold chart over U is a triple
pŨ ,ΓU , πU q satisfying

(1) Ũ is a connected open set of Rnu for some nonzero u P Rn,

(2) ΓU is a finite group acting by diffeomorphisms on Ũ ,

(3) πU : Ũ Ñ U is a continuous map such that πUγ � πU for all γ P ΓU and

which induces a homeomorphism from Ũ{ΓU onto U .

Given two orbifold charts pŨ ,ΓU , πU q and pṼ ,ΓV , πV q with U � V � XK , a

(smooth) embedding of orbifold charts κ : pŨ ,ΓU , πU q ãÑ pṼ ,ΓV , πV q is a smooth

embedding κ : Ũ ãÑ Ṽ with πV κ � πU .

We now give the definition of a (smooth) orbifold with boundary. Note that all
orbifolds considered in this paper will be smooth.

Definition 2.2. An n-dimensional (smooth) orbifold with boundary K is a sec-
ond countable Hausdorff space XK , called the underlying space of K, covered
by a maximal atlas of n-dimensional orbifold charts tpUa,ΓUa

, πUa
quaPA satisfy-

ing the following compatibility condition: for any two charts pŨa,ΓUa
, πUa

q and

pŨb,ΓUb
, πUb

q and point x P Ua X Ub there is an open neighborhood Uc � Ua X Ub
about x and a chart pŨc,ΓUc , πUcq over Uc such that there are smooth embeddings

κa : pŨc,ΓUc , πUcq ãÑ pŨa,ΓUa , πUaq and κb : pŨc,ΓUc , πUcq ãÑ pŨb,ΓUb
, πUb

q. The
boundary BK of K is the set of all points p P XK for which there is a chart
pŨa,ΓUa

, πUa
q such that xp̃, uay � 0 for all points p̃ P π�1

Ua
ppq along with the

(smooth) orbifold structure inherited from K. Usually, it will convenient to abuse
notation and refer to XK as K.

The compatibility condition for orbifold charts allows us to consider the transi-
tion functions between overlapping charts pŨa,ΓUa

, πUa
q and pŨb,ΓUb

, πUb
q, namely

κbκ
�1
a (see [1, p.10]). With transition functions in hand, we can define orientability.

Definition 2.3. We say that an orbifold K is oriented if it is covered by an
atlas of orbifold charts such that for all pairs pŨa,ΓUa

, πUa
q and pŨb,ΓUb

, πUb
q,

detDpκbκ
�1
a q ¡ 0 where Dpκbκ

�1
a q is the derivative of the transition function.

Given an orbifold K, with or without boundary, we can construct a Riemannian
structure on K by placing a ΓU -invariant Riemannian metric on the local cover Ũ
of each orbifold chart pŨ ,ΓU , πU q and patching these local metrics together with
a partition of unity. A smooth orbifold with a Riemannian structure is called a
Riemannian orbifold (see [15, 27]).

Definition 2.4. Let pK, gq be an oriented Riemannian orbifold with boundary
BK. Let ν be the outward pointing unit normal vector field along BK. A collar is
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a smooth diffeomorphism Σ : BK � r0, 1q Ñ K onto an open neighborhood of BK
in K such that Σpp, 0q � p and the derivative DΣpp,0qp0, 1q � �νp for all p P BK.
If we have fixed a collar Σ on K, we say that K is collared.

IfK is a compact oriented Riemannian orbifold that does not have singular points
on the boundary, then K admits a collar by [40, Theorem 1.1.7]. The hypotheses
that K is oriented and Riemannian are required for ν to be defined. For the
remainder of the paper, we assume that all Riemannian orbifolds are compact and
oriented. If the orbifold has boundary, we will assume that there are no singular
points on the boundary and that the orbifold is collared.

2.2. Connected sum metrics. Under certain conditions, it is possible to glue two
Riemannian orbifolds with boundary together to obtain a connected sum orbifold.
Note that in this case, the metric on the connected sum will be piecewise differ-
entiable, but not differentiable along the glued boundaries. By an orbifold domain
of an n-dimensional orbifold O, we mean a closed n-dimensional suborbifold with
boundary. In this paper, we are primarily interested in the case of domains given
by the closure of an open neighborhood of a singular point.

Definition 2.5. Let O be a closed oriented orbifold, let O1 be a closed orbifold
domain with smooth boundary BO1 such that there are no singular points on BO1.
Let O2 � O rO1 so that BO2 � BO1. We give O1 and O2 the orientations they
inherit as domains in O. Let g be a continuous metric on O such that g1 :� g|O1

and g2 :� g|O2
are both smooth. We refer to such a piecewise differentiable metric

as a connected sum metric on O.

We note that throughout, whenever we glue two orbifolds with boundary to-
gether, we choose orientations on the two orbifolds in such a way that the con-
nected sum has a natural orientation. We will define Sobolev spaces for connected
sums in Section 3.3, define the Laplacian with respect to connected sum metrics
in Section 5.2, and use these definitions to study the spectrum of the Laplacian on
the connected sum of two orbifolds pO1, g1q and pO2, g2q in Section 8.

3. Sobolev spaces on orbifolds

We now describe Sobolev spaces on orbifolds with boundary and orbifolds with
connected sum metrics. These Sobolev spaces will ultimately allow us to define for
both settings the Hodge Laplacian. In both cases, the Hodge Laplacian will be a
non-negative, self-adjoint operator whose spectrum is discrete and tends to infinity.

3.1. Preliminaries. As pointed out by Chiang [15, p.320], given a smooth function
f on an oriented Riemannian orbifold pK, gq, with or without boundary, the lift

of f to any orbifold chart Ũ is ΓU -invariant, and thus the gradient ∇gf is ΓU -

invariant on Ũ as well. Therefore, ∇gf is well-defined on pK, gq. In the same
way, the definitions of the exterior derivative d, exterior and interior products,
the Hodge star operator �, and the co-differential operator δ extend to the space
ΩppK, gq of smooth differential p-forms on K. We furthermore define the Laplacian
∆g : ΩppK, gq Ñ ΩppK, gq by

∆gω � pdδ � δdqω.

We make sense of integration on orbifolds as follows.
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Definition 3.1. Let pK, gq be a compact oriented Riemannian orbifold, with or

without boundary. Suppose that tpŨi,ΓUi , πUiqu
m
i�1 is a finite covering of pK, gq by

orbifold charts. Let tρiu
m
i�1 be a partition of unity subordinate to tUiu

m
i�1. For a

function f P C8pKq define the integral of f over K by»
K

f dvg :�
m̧

i�1

1

|ΓUi
|

»
Ũi

ρ̃ipx̃qf̃px̃q dṽg̃,

where � denotes the lift in all cases and dvg denotes the volume form with respect
to g. We note that although the definition makes use of a particular covering of K,
it can be shown to be independent of the choice of covering (see [15], [27] and [1,
p.34]). Integrals of differential p-forms on K are defined in the same way; see [14,
Section 2].

3.2. Sobolev spaces on orbifolds with boundary. Sobolev spaces of functions
for closed orbifolds were introduced in [15] and [27]. Although both authors gave
the definition for orbifolds without boundary, the definition generalizes readily to
differential forms on compact orbifolds with boundary. (See [40] for a careful dis-
cussion of Sobolev spaces for manifolds with boundary.)

Definition 3.2. Let pK, gq be an n-dimensional compact oriented Riemannian
orbifold with boundary, and let ΛppK, gq be the bundle of antisymmetric p-linear
functions on the tangent space of K with usual pointwise metric (see [40, p.20]).
Note that ΩppK, gq is the space of smooth sections of ΛppK, gq.

Given ω P ΩppK, gq, define |ω|J0pΛq P C
8pKq by

|ω|J0pΛq :�
�
xω, ωyΛppK,gq

� 1
2 .

Now, suppose s is a positive integer and suppose that Ei is a g-orthonormal frame
on pK, gq. Define |ω|JspΛq P C

8pKq by

|ω|JspΛq :�

�
|ω|2Js�1pΛq �

ņ

j�1

|∇Ejω|
2
Js�1pΛq


 1
2

P C8pKq,

where ∇ is the covariant derivative on forms induced by the Levi-Civita connection
associated to g. Set

}ω}W s,`ΩppK,gq �

�»
K

|ω|`JspΛq dvg


 1
`

.

The Sobolev space W s,`ΩppK, gq is the completion of ΩppK, gq with respect to the
norm } � }W s,`ΩppK,gq. For the case s � 0, we denote W 0,`ΩppK, gq by L`ΩppK, gq

and for ` � 2, we denote W s,2ΩppK, gq by HsΩppK, gq. When p � 0, we simply
denote HspK, gq � HsΩ0pK, gq and L`pK, gq � L`Ω0pK, gq.

We remark that H0ΩppK, gq � L2ΩppK, gq and that the H1-norm is given on
functions by

}f}H1pK,gq �
�
xf, fyL2pK,gq � x∇gf,∇gfyL2pK,gq

	 1
2

,

where ∇g denotes the gradient. Furthermore, by taking the W s,`-limit of a sequence
of smooth forms, we can extend the notions listed at the beginning of Section 3.1,
e.g., the exterior derivative d, integration, and the tangential and normal compo-
nents of a form, to Sobolev spaces having the appropriate level of regularity for the
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particular notion under consideration. In addition, the definition of W s,`ΩppK, gq
and hence HsΩppK, gq can be extended to non-integer values of s in the standard
way using the Fourier transform; see [44, Section 4.1].

As usual, HsΩppK, gq � HtΩppK, gq when s ¡ t and the following orbifold
version of Rellich’s theorem holds. The proof of the same result for manifolds
[40, Theorem 1.3.6] is based on local arguments, and hence carries directly to the
orbifold setting by restricting to locally defined forms that are invariant under the
action of a finite group. See also [15, Theorem 2.1] or [27, Theorem 2.4] for the
case p � 0.

Theorem 3.3 (Rellich’s theorem). Let pK, gq be a compact oriented Riemannian
orbifold. If pK, gq has boundary BK, assume that BK is a manifold, i.e., con-
tains no singular points. Suppose that s ¡ t. Then the inclusion HsΩppK, gq into
HtΩppK, gq is compact.

The trace theorem for manifolds with boundary is proven by patching together
local trace operators between Sobolev spaces on regions in Rn and their boundaries,
and therefore carries over directly to the case of collared orbifolds with no singular
points on the boundary. See [40, Theorem 1.3.7]; see also [26, p.258] and [44,
Chapter 4, Propositions 1.6 and 4.5] for the case p � 0. Note that when p ¡ 0,
the restriction ω|BK of a differential p-form ω on K to the boundary is a section
of the bundle ΛppK, gq|BK and not a differential form on BK. The Sobolev norm
}ω|BK}HsΩppK,gq|BK of such a section is defined as in Definition 3.2 in terms of the

metric that ΛppK, gq|BK inherits from the metric on ΛppK, gq and by integrating
over BK, see [40, Definition 1.3.1]. Of course, when p � 0, ω restricts to a function
on BK with the usual Sobolev norm.

Theorem 3.4 (Trace theorem). Let pK, gq be a compact oriented Riemannian
orbifold with nonempty manifold boundary BK.

(1) For s � 0, 1, the trace map ω ÞÑ ω|BK is a compact continuous operator

Hs�1ΩppK, gq to HsΩppK, gq|BK , i.e., }ω|BK}HsΩppK,gq|BK ¤ C}ω}Hs�1ΩppK,gq

for some choice of C independent of ω.
(2) The trace map extends uniquely to a continuous operator H1ΩppK, gq Ñ

H1{2ΩppK, gq|BK .

For an orbifold pK, gq with boundary, let Bg denote the induced metric on BK.
Given a vector field X on K, considering the restriction of X to the boundary
BK, we can decompose X � X} �XK into its tangential and normal components,
respectively. As in [40], we then define

tωpX1, . . . , Xpq � ωpX
}
1, . . . , X

}
pq and nω � ω|BK � tω.

The manifold version of Green’s theorem is derived from Stokes’ theorem by argu-
ments that are all local in nature, and thus generalize to orbifolds; see, for example,
[40, Chapter 2, Proposition 1.2] and [44, Proposition 2.4.1]. As the proof of Stokes’
theorem is also given locally and patched together with a partition of unity, see [44,
Chapter 1, Proposition 13.3], the proof of Green’s theorem extends directly to the
orbifold case, yielding the following.

Theorem 3.5 (Green’s theorem). On a compact oriented Riemannian orbifold
pK, gq with manifold boundary BK, let ω P H1Ωp�1pK, gq and η P H1ΩppK, gq.
Then



APPROXIMATING ORBIFOLD SPECTRA USING COLLAPSING CONNECTED SUMS 9

(1) xdω, ηyL2ΩppK,gq � xω, δηyL2Ωp�1pK,gq �

»
BK

tω ^ �nη.

For f, h P H2pK, gq, we have

(2) x∆gf, hyL2pK,gq � x∇gf,∇ghyL2pK,gq �

»
BK

h
�
νpfq

�
dvBg.

(3) x∆gf, hyL2pK,gq � xf,∆ghyL2pK,gq �

»
BK

�
h
�
νpfq

�
� f

�
νphq

�	
dvBg,

where ν denotes the unit outward pointing normal on BK.

We note that there are varying conventions regarding the sign of the Laplace
operator and the choice of inward or outward normal, leading to formulations of
Green’s theorem that may differ by a minus sign on individual terms from the one
we have presented here.

3.3. Sobolev spaces on orbifolds with connected sum metrics. Let O be
a closed oriented orbifold with connected sum metric as in Definition 2.5. By
Theorem 3.4 (1), the following definitions make sense. See [5, Definitions 1.1 and
1.4] and [43, page 17].

Definition 3.6. We define L2ΩppO, gq by

L2ΩppO, gq :� L2ΩppO1, g1q ` L2ΩppO2, g2q

with the componentwise inner product. Note that in this way, L2ΩppO, gq is a
Hilbert space.

The first Sobolev space H1ΩppO, gq is the subspace ofH1ΩppO1, g1q`H
1ΩppO2, g2q

defined by

H1ΩppO, gq :�
!
ω � pω1, ω2q P H

1ΩppO1, g1q `H1ΩppO2, g2q |

t1ω1|BO1
� t2ω2|BO2

in L2ΩppBO1, Bg1q,

� n1ω1 � � � n2ω2 in L2Ωn�ppBO1, Bg1q,

dω P L2Ωp�1pO, gq, and δω P L2Ωp�1pO, gq
)
.

The inner product on H1ΩppO, gq is given by the direct sum of inner products on
the two component spaces.

The second Sobolev space H2ΩppO, gq is the subspace ofH2ΩppO1, g1q`H
2ΩppO2, g2q

defined by

H2ΩppO, gq :�
!
ω � pω1, ω2q P H

2ΩppO1, g1q `H2ΩppO2, g2q |

t1ω1|BO1
� t2ω2|BO2

in H1ΩppBO1, Bg1q,

� n1ω1 � � � n2ω2 in H1Ωn�ppBO1, Bg1q,

dω P H1Ωp�1pO, gq, and δω P H1Ωp�1pO, gq
)
.

where dω � pdω1, dω2q and δω � pδω1, δω2q. The inner product on H2ΩppO, gq is
given by the direct sum of the inner products on the two component spaces.



10 CARLA FARSI, EMILY PROCTOR, AND CHRISTOPHER SEATON

We note that for p � 0 and s � 1 or 2, Definition 3.6 yields

HspO, gq :�
!
f � pf1, f2q P H

1pO1, g1q `H1pO2, g2q |

f1|BO1
� f2|BO2

in L2pBO1, Bg1q,

pν1pf1qq|BO1
� �pν2pf2qq|BO2

in L2pBO1, Bg1q.

and df P Hs�1pO, gq
)
,

where ν1 and ν2 denote the outward unit normal vector fields along BO1 and BO2,
respectively.

We have the following version of Rellich’s theorem for orbifolds that carry con-
nected sum metrics.

Theorem 3.7 (Rellich’s theorem for connected sum metrics). For L2ΩppO, gq and
H1ΩppO, gq as above, the inclusion of H1ΩppO, gq into L2ΩppO, gq is compact.

Proof. By assumption, the orbifolds pO1, g1q and pO2, g2q are collared orbifolds
with no singular points on the boundary. Thus, by Theorem 3.3, H1ΩppO1, g1q is
compactly embedded in L2ΩppO1, g1q and H1ΩppO2, g2q is compactly embedded in
L2pO2, g2q. But the norms on these respective spaces are all computed via a direct
sum, and since H1ΩppO1, g1q is a closed subspace of H1ΩppO1, g1q`H

1ΩppO2, g2q,
it follows directly that the inclusion of H1ΩppO, gq into L2ΩppO, gq is compact. �

3.4. Quadratic forms. Recall that a quadratic form is determined by a triple
pH, Dpqq, qq where H is a Hilbert space; Dpqq � H is a closed subspace of H,
the domain of q; and qpxq � fpx, xq for a symmetric non-negative bilinear form
f : Dpqq �Dpqq Ñ R. The norm of the quadratic form q is defined to be

(3.1) }q} � sup
txPDpqq | xx,xy�1u

qpxq,

where x�, �y denotes the inner product on H.
We note that we can define the spectrum of a quadratic form using Rayleigh-Ritz

variational formulae. Further, when the quadratic form induces a non-negative self-
adjoint operator (e.g., the Laplacian), the spectrum of the quadratic form coincides
with that of the operator, see [21, Chapter 4].

We now introduce a bilinear form q on H1ΩppK, gq and corresponding quadratic
form that induces the Laplacian on pK, gq. This form will be instrumental in
the proof of the Hodge decomposition theorem, Theorem 4.4, as well as several
arguments thereafter. It is an essential ingredient to the proofs in Section 5 that the
spectrum of the Laplacian in our context has the usual properties of being discrete
and tending to infinity—see in particular Section 5.1—as well as in Sections 6 and
7, where it allows us to study the spectrum via Rayleigh-Ritz variational formulae.

Suppose that ω, η P H1ΩppK, gq. Let

(3.2) qpω, ηq � xdω, dηyL2Ωp�1pK,gq � xδω, δηyL2Ωp�1pK,gq,

and note that
qpω, ωq � }dω}L2Ωp�1pK,gq � }δω}L2Ωp�1pK,gq.

In a slight abuse of notation, we use q to denote the bilinear form defined in
Equation (3.2) as well as the quadratic form qpωq � qpω, ωq defined on Dpqq �
H1ΩppK, gq in H � L2ΩppK, gq. By Green’s Theorem (Theorem 3.5), we immedi-
ately have the following (see [40, Corollary 2.1.4]).



APPROXIMATING ORBIFOLD SPECTRA USING COLLAPSING CONNECTED SUMS 11

Proposition 3.8. Let pK, gq be a compact oriented Riemannian orbifold with man-
ifold boundary BK. For ω P H2ΩppK, gq and η P H1ΩppK, gq, the bilinear form q
is given by

qpω, ηq � x∆gω, ηyL2ΩppK,gq �

»
BK

tη ^ �ndω �

»
BK

tδω ^ �nη.

4. The Hodge decomposition theorem for orbifolds with boundary

In this section, we state and prove the Hodge decomposition theorem (Theo-
rem 4.4) for compact orbifolds with manifold boundary. Our exposition closely
follows that of Schwarz [40, Chapters 1,2] and his proof of the corresponding re-
sult for manifolds with boundary, [40, Theorem 2.4.2]; see also [9] for the case of
orbifolds without boundary, and recall that orbifolds are also called “V -manifolds.”
Indeed, as we will outline, practically all the proofs in [40, Chapters 1,2] extend
verbatim to the orbifold case. However, since these extensions are not noted in the
literature, we will give a brief account of them so that they will be available for our
and future use.

Although we expect that a similar Hodge decomposition theorem is likely to hold
for compact orbifolds with singular points on the boundary, additional technical
difficulties arise, especially related to the extension of the results of [31, Chapter
XX]. More precisely, the proof that the differential operator associated to an elliptic
boundary value problem is Fredholm, which is used for proving the completeness
of the Hodge decomposition, uses the Douglis-Nirenberg theory on the boundary,
see [31, Theorem 20.1.3, Corollary 20.1.4, Proposition 20.1.5]. Since such theory
has not explicitly been developed for orbifolds, this makes the extension of the
Hodge decomposition to the case with singularities on the boundary more involved.
Therefore, since our connected sum constructions are always applied to the case of
a manifold boundary, we have restricted our attention to this case.

We start with some basic definitions.

Definition 4.1. Let pK, gq be an orbifold with manifold boundary, and suppose
that ω P H1ΩppK, gq. We say that ω satisfies Dirichlet boundary conditions if
tω � 0 on BK, and we say that ω satisfies Neumann boundary conditions if nω � 0
on BK.

For ω P H2ΩppK, gq, we say that ω satisfies relative boundary conditions if
tω � 0 and tδω � 0. We say that ω satisfies absolute boundary conditions if
nω � 0 and ndω � 0 (see [34, p.728] and cf. Equations (4.2)). We note that for the
case of functions, relative boundary conditions are equivalent to Dirichlet boundary
conditions and absolute boundary conditions are equivalent to Neumann boundary
conditions.

Similarly, we define the following subspaces of L2ΩppK, gq.

Definition 4.2. Let H1ΩpDpK, gq and H1ΩpN pK, gq be the subspaces of H1ΩppK, gq
with vanishing tangential and normal components respectively. Let

EppKq �
 
dα |α P H1Ωp�1

D pK, gq
(

be the space of exact p-forms with Dirichlet conditions, and let

CppKq �
 
δβ |β P H1Ωp�1

N pK, gq
(
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be the space of coexact p-forms with Neumann conditions. Set E0pKq � t0u and
CdpKq � t0u. Finally, let HppKq denote the space of harmonic fields in H1ΩppK, gq,
i.e., the set

HppKq �
 
ω P H1ΩppK, gq | dω � 0 and δω � 0

(
,

and let L2HppKq be the L2-closure of HppKq.

Remark 4.3. We note that we use the term harmonic fields to denote elements
ω P H1ΩppK, gq for which dω � δω � 0 and we use the term harmonic forms to
denote forms for which ∆gω � 0.

We now state our main theorem. See [40, Theorem 2.4.2] for the manifold version.
The proof of this theorem occupies the rest of this section.

Theorem 4.4 (Hodge decomposition theorem for orbifolds with boundary). Let
pK, gq be a compact oriented Riemannian orbifold with manifold boundary. Then
L2ΩppK, gq splits into the L2-orthogonal direct sum

L2ΩppK, gq � EppKq ` CppKq ` L2HppKq.

The proof of Theorem 4.4 depends on a number of preliminary results which we
present below. By combining these results, the proof of Theorem 4.4 will follow
naturally at the end of this section.

We begin by noting that the proof of Gaffney’s inequality extends to the orbifold
case which, along with the definition of the bilinear form q in Equation (3.2) and
Proposition 3.8, yields the following.

Lemma 4.5 (Gaffney’s inequality [40, Corollary 2.1.6]). Let pK, gq be a compact
oriented Riemannian orbifold with manifold boundary. Then there is a constant C
depending only on pK, gq such that for each ω P H1ΩppK, gq with tω � 0, we have

}ω}2H1ΩppK,gq ¤ C
�
qpω, ωq � }ω}2L2ΩppK,gq

�
.

Definition 4.6. Let Hp
DpKq � HppKq X H1ΩpDpK, gq, the subspace of harmonic

fields in H1ΩpDpK, gq, and let Hp
DpKq

k denote the L2-orthogonal complement of
Hp
DpKq in H1ΩpDpK, gq. Define subspaces Hp

N pKq and Hp
N pKq

k of H1ΩpN pK, gq
analogously. We refer to elements of Hp

DpKq as Dirichlet fields and elements of
Hp
N pKq as Neumann fields.

We make note as well of the following relationship between q and the H1-norm
on a subspace of H1ΩppK, gq. Using Lemma 4.5 and Theorem 3.3, the proof of [40,
Proposition 2.2.3] generalizes directly to orbifolds.

Proposition 4.7 ([40, Proposition 2.2.3]). Suppose that ω P Hp
DpKq

k. There exist
positive constants c, C such that

c}ω}2H1ΩppK,gq ¤ qpω, ωq ¤ C}ω}2H1ΩppK,gq.

A similar relationship holds for ω P Hp
N pKq

k.

4.1. The Dirichlet and Neumann potentials and their regularity. We now
establish technical results involving the existence and regularity of Dirichlet and
Neumann potentials for elements of Hp

DpKq
K and Hp

N pKq
K respectively. The proof

of the Hodge decomposition theorem for orbifolds with boundary (Theorem 4.4)
will be presented at the end of Section 4, following these results.
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4.1.1. Definition of the Dirichlet and Neumann potentials. Using Proposition 4.7,
the proof of the existence of the Dirichlet and Neumann potentials follows in a
manner identical to [40, Theorem 2.2.4 and p.72].

Theorem 4.8 ([40, Theorem 2.2.4]). Let pK, gq be a compact oriented Riemannian
orbifold with manifold boundary. For each η P Hp

DpKq
K, there exists a differential

form ϕD P Hp
DpKq

k such that

(4.1) qpϕD, ξq � xη, ξyL2ΩppK,gq, @ξ P H
1ΩpDpKq.

The differential form ϕD is uniquely determined by η and is called the Dirichlet
potential of η. Conversely, η is uniquely determined by its Dirichlet potential ϕD.
A similar form ϕN P Hp

N pKq
k exists for each η P Hp

N pKq
K, and is called the

Neumann potential for η.

Remark 4.9. Note that although we do not currently know that ϕD is sufficiently
differentiable, we can formally apply Proposition 3.8 to the result of Theorem 4.8
to see that the Dirichlet potential ϕD weakly solves the boundary value problem

∆gϕD � η on K,

tϕD � 0 and tδϕD � 0 on BK,
(4.2)

i.e. ∆gϕD � η with relative boundary conditions, see Definition 4.1.

This remark is strengthened in [40, Theorem 2.2.5] by showing that the Dirichlet
potential is also a strong solution of Equation (4.2). We summarize the extension of
this and other relevant results to orbifolds in Section 4.1.2. Because the argument
for the regularity of ϕD we provide is very similar to the manifold case proved in
[40, Section 2.3], we will only give a sketch while outlining the few differences. In
particular, we will need to use results on integration of vector fields on orbifolds,
as well as standard (pseudo-)differential operators techniques.

Finally, again as in the comment [40, p.72], all results that we state and prove
here for the Dirichlet potential hold for the Neumann potential ϕN as well. See
[40, Theorem 2.2.7] and Theorem 4.11.

4.1.2. Regularity on the interior and on the boundary of the Dirichlet and Neumann
potentials. The main new ingredient in the orbifold case are the results of [30] on
flows of vector fields. Let X be a compactly supported vector field on the orbifold
K with boundary that is either supported away from the boundary or such that
X|BK is parallel to BK. Then X can be integrated to produce a global flow ψXt
using [30, Theorem 5.13] applied to the double of K. Then we proceed as in [40,
Section 2.3] in the orbifold case. Define the operator

ΣXt : L2ΩppKq Ñ L2ΩppKq, ΣXt :�
1

t

�
pψXt q

� � Id
	
,(4.3)

and then the proof of [40, Lemma 2.3.1] extends verbatim to the orbifold case.
We now outline the proof ofH2-regularity of the Dirichlet potential. We will need

to prove H2-regularity separately at interior points and boundary points. The proof
of [40, Lemma 2.3.2], which demonstrates H2-regularity in the interior as well as
some covariant derivative H1-regularity on the boundary, is identical in the orbifold
case using results in [30] on integration of orbifold vector fields as described above.
It also involves [40, Proof of Lemma 2.3.1] and [40, Equation (1.3.15)] (Meyers-
Serrin’s theorem, i.e., [40, Theorem 1.3.6(a)] or [40, Theorem 1.3.3(a)]), which
are proven identically for orbifolds. The remaining ingredients hold in general for
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Hilbert spaces. Then [40, Lemma 2.3.3], which demonstrates H2-regularity of the
Dirichlet potential on the boundary, also follows as in the manifold case. The proof
uses orbifold analogues of the Bochner-Weitzenböck formula [40, Equation (1.2.23)],
[40, Lemma 2.3.2], and the Meyers-Serrin theorem, [40, Equation (1.3.15)], [40,
Theorem 1.3.6(a)], and [40, Theorem 1.3.3(a)], which extend to orbifolds using
local charts. Then the proof of [40, Theorem 2.2.5], which strengthens Remark 4.9,
applies directly to orbifolds.

In order to prove the completeness of the Hodge decomposition, we need [40, The-
orem 1.6.2] and Theorem 4.10 below, which we have confirmed for orbifolds using
the preceding results and standard results on elliptic (pseudo-)differential opera-
tors. See [31, Chapter XX] and [40, Theorem 1.6.2, Theorem 2.2.6, Corollary 2.3.5,
and p.78]. In particular we note that to prove [40, Theorem 1.6.2] for orbifolds,
[31, Theorem 20.1.2], [31, Theorem 20.1.8] and [31, Proposition 20.1.11] need to be
extended to orbifolds. This can be done by using a variety of methods (depending
on the context), which include using a collared neighborhood of the boundary of
the form BK � r0, 1q (where BK has no singular point), using local orbifold charts,
as well as the theory of pseudo-differential operators on compact orbifolds. For
example, the existence of parametrices is shown in [11]. We then have the following
for relative boundary conditions. For the argument, which carries directly to the
orbifold setting, see [40, Theorem 2.2.6 and Corollary 2.3.5].

Theorem 4.10. Let pK, gq be a compact oriented Riemannian orbifold with man-
ifold boundary.

(1) If ψ is a Dirichlet field, ψ P Hp
DpKq, then ψ is smooth.

(2) If η P Hp
DpKq

K is of Sobolev class W s,p (with s P N0 and p ¥ 2), then the
Dirichlet potential ϕD is in W s�2,pΩppKq.

By the remarks [40, p.72], we also have the following for absolute boundary
conditions. See [40, Theorem 2.2.7].

Theorem 4.11. Let pK, gq be a compact oriented Riemannian orbifold with man-
ifold boundary.

(1) The space Hp
N pKq of Neumann fields is finite dimensional, and consists of

smooth differential forms ψ P ΩppK, gq.
(2) For each η P Hp

N pKq
K there exists a unique Neumann potential ϕN P

Hp
N pKq

k XH2ΩppK, gq.
(3) Suppose that s P N0 and p ¥ 2. If η P Hk

N pKq
KXW s,pΩppKq, the Neumann

potential ϕN is of Sobolev class W s�2,ppKq.

The proof of Theorem 4.4 now follows.

Proof of Theorem 4.4. Since [40, Theorems 1.6.2 and 2.2.5] hold for orbifolds as
noted above, using Theorems 4.10 and 4.11, the proof of Theorem 4.4 follows exactly
as the proof of Theorem 2.4.2 in [40]. �

Remark 4.12. All of the results and proofs above hold if the boundary of pK, gq
is empty (and hence with vacuous boundary conditions). Thus, the Hodge decom-
position theorem as in [9] holds for closed oriented orbifolds as well.
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5. The Laplacian on orbifolds

In this section, we confirm that the spectrum of the Laplacian acting on p-forms
has the familiar properties of being discrete and tending to infinity, both in the case
of orbifolds with boundary under either Dirichlet or Neumann conditions, and in
the case of orbifolds with connected sum metrics.

5.1. The Laplacian on orbifolds with boundary. Suppose that pK, gq is an
n-dimensional compact oriented Riemannian orbifold with manifold boundary. As
in Equation (3.2), we define a bilinear form q on H1ΩppK, gq and recall that q
induces the Laplacian on H2ΩppK, gq, with boundary terms as in Proposition 3.8.

Recall from Definition 4.1 that ω P H2ΩppK, gq satisfies relative boundary con-
ditions if tω � 0 and tδω � 0 and absolute boundary conditions if nω � 0 and
ndω � 0. We use the following notation for the nondecreasing sequences of nonzero
eigenvalues including repetitions, k � 1, 2, . . .:


 λDp,kpK, gq, to denote the kth eigenvalue of the Laplacian acting on p-forms
with relative boundary conditions,


 λNp,kpK, gq, to denote the kth eigenvalue of the Laplacian acting on p-forms
with absolute boundary conditions, and


 µNp,kpK, gq, to denote the kth eigenvalue of the Laplacian acting on coexact
p-forms with absolute boundary conditions.

When K has empty boundary, we use


 λp,kpK, gq, to denote the kth eigenvalue of the Laplacian acting on p-forms
and


 µp,kpK, gq, to denote the kth eigenvalue of the Laplacian acting on coexact
p-forms.

When 0 occurs as an eigenvalue, it has index k � 0. See Section 7. We will
omit pK, gq when it is clear from the context. When restricting to the case of the
Laplacian acting on functions, we will omit the subscript p � 0, i.e., use λkpK, gq �
λ0,kpK, gq, etc.

Remark 5.1. Since for each p � 1, . . . , n, the exterior derivative d maps the space
of coexact pp � 1q-eigenforms with absolute boundary conditions isomorphically
onto the space of exact p-eigenforms with absolute boundary conditions (see [29,
p.34]), µNp,kpK, gq is also the kth eigenvalue of the Laplacian acting on exact pp�1q-
forms with absolute boundary conditions. Then by Theorem 4.4, the eigenvalue
spectrum on p-forms is the union of the eigenvalue spectrum on the coexact p-
forms and coexact pp � 1q-forms, all with absolute boundary conditions. When
K is closed, we also have by Hodge duality that µp,kpK, gq � µn�p�1,kpK, gq.
Therefore, in the case that K has no boundary, by understanding the behavior of
coexact p-eigenforms for p � 0, 1, . . . , tpn � 1q{2u, we understand the behavior of
the spectrum of the Laplacian on p-forms for all p � 0, 1, . . . , n, see [32, p.968].

Suppose that ω, η P H2ΩppK, gq, with either relative or absolute boundary con-
ditions. Then x∆gω, ωyL2ΩppK,gq is non-negative. This follows directly from Propo-
sition 3.8 because the boundary conditions send the boundary terms to zero and
q is non-negative. For similar reasons, x∆gω, ηyL2ΩppK,gq � xω,∆gηyL2ΩppK,gq, i.e.,

the Laplacian is symmetric on the subspace of H2ΩppK, gq with either relative or
absolute boundary conditions.

We are now in a position to prove the following.



16 CARLA FARSI, EMILY PROCTOR, AND CHRISTOPHER SEATON

Theorem 5.2. Let pK, gq be a compact oriented Riemannian orbifold with manifold
boundary. The spectrum of eigenvalues of the p-form Laplacian ∆g with relative
boundary conditions is a discrete set tλDp,ku

8
k�1 with λDp,k ¡ 0 for all k. The spectrum

of eigenvalues of the p-form Laplacian ∆g with absolute boundary conditions is a
discrete set tλNp,ku

8
k�0 with λNp,k ¥ 0 for all k. In each case, each eigenvalue appears

in the spectrum only finitely many times, and the sequences tλDp,ku and tλNp,ku tend
to 8 as k Ñ8.

Proof. Note that for ω P Hp
DpK, gq,∆gω � 0. Thus, it suffices to consider the

L2-orthogonal complement Hp
DpKq

k in H1ΩpDpK, gq. Using [21, Corollary 4.2.3],
if the resolvent operator p∆g � 1q�1 is compact, the result will hold. But by [21,
Exercise 4.2 on p.97], p∆g � 1q�1 is compact if and only if Hp

DpKq
k, with q-norm

(5.1) }ω}q :�
�
qpω, ωq � }ω}2L2ΩppK,gq

� 1
2 ,

is compactly embedded in L2ΩppK, gq. It follows from Proposition 4.7 that the
q-norm and H1-norm are equivalent on Hp

DpKq
k. Thus, by Rellich’s theorem,

Hp
DpKq

k withH1-norm is compactly embedded in L2ΩppK, gq and the result follows
for relative boundary conditions. By the comment [40, p.72], the result holds for
absolute boundary conditions as well. �

With this, we can now state the min-max principle as it applies to this particular
situation. By Theorem 5.2 and Theorem 4.4, the following version of the min-max
principle carries over directly to the orbifold setting. See [32, Proposition 7]; see
also [25, Proposition 3.1], [34, Proposition 2.1], and Remark 5.1.

Theorem 5.3 (Min-max principle, (co-)exact forms, absolute boundary condi-
tions). Let pK, gq be a compact oriented Riemannian orbifold with manifold bound-
ary and let

H1ΩpabspK, gq �
 
ω P H1ΩppK, gq |nω � 0,ndω � 0

(
.

For ω P H1ΩpabspK, gq, let

Rpωq �
xdω, dωyL2Ωp�1pK,gq

xω, ωyL2ΩppK,gq
.

Then for k ¥ 1,

µNp,kpK, gq � inf
Y

sup
0�dωPY

Rpωq

where Y ranges over all k-dimensional subspaces of smooth exact pp � 1q-forms
dω P L2ΩppK, gq satisfying absolute boundary conditions.

We note too that for the case of functions on pK, gq with Dirichlet conditions,
since x∆gf, fyL2pK,gq � x∇gf,∇gfyL2pK,gq, the standard min-max formula holds as
well. See [21, Theorem 4.5.1].

Theorem 5.4 (Min-max principle, functions, Dirichlet conditions). Let pK, gq be
a compact oriented Riemannian orbifold with manifold boundary BK. Then

λDk � inf
Y

sup
0�fPY

x∇gf,∇gfyL2pK,gq

xf, fyL2pK,gq

where Y ranges over all k-dimensional subspaces of H1
DpK, gq, the subspace of

H1pK, gq of functions vanishing on BK.
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Of course, if K is closed, then Theorems 5.2, 5.3, and 5.4 apply to the corre-
sponding λp,k and µp,k with vacuous boundary conditions.

We now recall the following lemma, demonstrating the existence of harmonic
extensions for orbifolds.

Lemma 5.5 ([8, Lemma 3.5]). Let pK, gq be a compact oriented Riemannian orb-
ifold with manifold boundary BK and let u P C8pBKq. Then there exists a unique
harmonic function h P C8pKq such that h|BK � u.

The idea of the proof is to use the fact that K can be expressed as the quotient
of its orthonormal frame bundle FK, a smooth manifold, by the almost free action
of the orthogonal group SOpnq, and then FK admits a metric g̃ with respect to
which

(5.2) π� � ∆g � ∆g̃ � π
�,

where π : FK Ñ K is the quotient map.
Using Lemma 5.5, the proof of [44, Chapter 5, Proposition 1.7] with s � 1{2

extends directly to the orbifold case, yielding the following.

Lemma 5.6. Let pK, gq be a compact oriented Riemannian orbifold with nonempty
manifold boundary BK. The map associating to u P C8pBKq its harmonic extension
to K admits a continuous extension P : H1{2pBK, Bgq Ñ H1pK, gq. Hence, there is
a constant C independent of u such that }P puq}H1pK,gq ¤ C}u}H1{2pBK,Bgq.

Using the same method as Lemma 5.5, we can generalize the Hopf Maximum
Principle [44, Chapter 5, Propositon 2.3] to the case of orbifolds.

Theorem 5.7 (The Hopf Maximum Principle for Riemannian orbifolds). Suppose
U is a connected open subset with nonempty manifold boundary BU of a compact
oriented Riemannian orbifold pK, gq. If f P C2pUq is continuous on the closure U
and ∆gf ¥ 0, then either f is constant or

(5.3) fpxq   sup
yPBU

fpyq @x P U.

Proof. Given f as in the statement, it is clear that π�f P C2pFUq is continuous on
the closure of FU . Then by Equation (5.2), ∆gf ¥ 0 implies that ∆g̃ � π

�f ¥ 0.
Applying the maximal principal [44, Chapter 5, Propositon 2.3] for manifolds to
π�f completes the proof. �

5.2. The Laplacian on orbifolds with connected sum metrics. Suppose that
O is a closed oriented orbifold with connected sum metric g as in Definition 2.5.
We define a bilinear form q on H1ΩppO, gq using Equation (3.2). Namely, for
ω � pω1, ω2q and η � pη1, η2q in H1ΩppO, gq, let

qpω, ηq � q1pω1, η1q � q2pω2, η2q

where qi denotes the bilinear form on pOi, giq, i � 1, 2 respectively.
Similarly, for ω � pω1, ω2q P H

2ΩppO, gq, define the Laplacian by

∆gω � p∆g1ω1,∆g2ω2q.

We first note that as with orbifolds with boundary, for orbifolds with connected
sum metrics, the Laplacian is induced by q.
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Proposition 5.8. Let O be a closed oriented orbifold with connected sum metric
g. For ω � pω1, ω2q P H

2ΩppO, gq and η � pη1, η2q P H
1ΩppO, gq, the bilinear form

q induces the Laplacian, i.e.,

qpω, ηq � x∆gω, ηyL2ΩppO,gq.

Proof. Because ω P H2ΩppO, gq, we have t1ω1 � t2ω2, �n1ω1 � � � n2ω2, tδω1 �
t2δω2, and �n1dω2 � � � n2dω2. Furthermore, since η P H1ΩppO, gq, t1η1 � t2η2

and �n1η1 � � � n2η2.
The result then follows directly from the definition of q and Proposition 3.8. �

Furthermore, using a similar analysis and the fact that q is a symmetric, non-
negative bilinear form, we see directly that for ω, η P H2ΩppO, gq, x∆gω, ωyL2ΩppO,gq

is non-negative and symmetric on H2ΩppO, gq.
We thus have the following, in analogy with Theorem 5.2.

Theorem 5.9. Let O be a closed oriented n-dimensional orbifold with connected
sum metric g. For p � 0, . . . , n, the spectrum of eigenvalues of the Laplacian ∆g

acting on p-forms is a discrete set tλp,ku with λp,k ¥ 0 for all k. Each eigenvalue
appears in the spectrum only finitely many times, and the sequence tλp,ku tends to
8 as k Ñ8. There is also a complete orthonormal basis of L2ΩppO, gq consisting
of eigenforms tωp,ku

8
k�0 of ∆g.

Proof. The claim follows from the equivalence of the q-norm of Equation (5.1)
and the norm H1-norm. To show that these two norms are equivalent, one uses the
proof of Theorem 5.2 in the case that the form has support away from the boundary.
In the case that the support is included in a neighborhood of the boundary, one
uses instead [5, Proposition 1.2], which readily generalizes to the orbifold case with
manifold boundary as the argument is localized near the boundary. �

6. Approximating the spectrum on functions

In this section, we consider the convergence of eigenvalues of the Laplacian acting
on functions in two ways. The first is a generalization of work of Colin de Verdière.
We begin by reviewing his results which detail when two quadratic forms have close
finite spectrum. We then generalize to the orbifold setting his result that allows
us to perturb a given orbifold metric in order to approximate the finite spectrum
of the Laplacian with that of the Neumann problem on a domain in the orbifold.
The second is a generalization of work originally due to Rauch and Taylor. In this
method, we show that we may remove a ball from an orbifold in such a way that as
the radius of the ball shrinks to zero, the spectrum of the Neumann problem on the
resulting orbifold domain tends to the Laplace spectrum of the orbifold, with its
original metric. This generalizes results known to hold for manifolds; see relevant
references below.

6.1. The defect of quadratic forms. Recall the following.

Definition 6.1 ([17, Definition I.2]). Let pE0, E0, q0q and pE1, E1, q1q be two posi-
tive quadratic forms defined on the finite-dimensional Euclidean spaces E0 and E1

with inner products x�, �y0 and x�, �y1 respectively. We say that q0 and q1 have defect
¤ ε if there is an isometry U0,1 : E0 Ñ E1 such that

}q1 � U0,1 � q0} ¤ ε,
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where the norm } � } is that defined in Equation (3.1).
Let pHi, Dpqiq, qiq be quadratic forms for i � 0, 1 and fix N P N. For each i, let

Ei be the sum of the eigenspaces associated to the first N nonzero eigenvalues of
qi. We say that pH0, Dpq0q, q0q and pH1, Dpq1q, q1q have N -spectral defect ¤ ε if
q̃0 :� q0|E0

and q̃1 :� q1|E1
have defect ¤ ε. A small N -spectral defect means that

the first N eigenvalues of q0 are close to the first N eigenvalues of q1.

The following simple observation concerning approximate transitivity of the N -
spectral defect will be useful in the sequel.

Lemma 6.2. Suppose N P N, pHi, Dpqiq, qiq are positive quadratic forms for i �
0, 1, 2, Ei is the sum of the eigenspaces associated to the first N eigenvalues of qi,
and q̃i :� qi|Ei

. If pH0, Dpq0q, q0q and pH1, Dpq1q, q1q have N -spectral defect ¤ ε and
pH1, Dpq1q, q1q and pH2, Dpq2q, q2q have N -spectral defect ¤ ε, then pH0, Dpq0q, q0q
and pH2, Dpq2q, q2q have N -spectral defect ¤ 2ε.

Proof. Let U0,2 :� U1,2 � U0,1. Then

}q̃2 � U0,2 � q̃0} ¤ }q̃2 � U1,2 � U0,1 � q̃1 � U0,1} � }q̃1 � U0,1 � q̃0} ¤ 2ε. �

We say that a quadratic form pH, Dpqq, qq satisfies hypothesis (�) if for some
fixed M,N , and δ ¡ 0, the nonzero eigenvalues λi of q satisfy

(�) 0   λ1 ¤ λ2 ¤ � � � ¤ λN   λN � δ ¤ λN�1 ¤M.

See [17, page 257].
Recall the following.

Theorem 6.3 ([17, Theorem I.7] and [32, Lemme 16]). Let η ¡ 0 and q be a
positive quadratic form on H with domain Dpqq � K0 ` K8 where K0 and K8

are q-orthogonal subspaces. Suppose that for some δ, M , and N , hypothesis (�) is
satisfied for q0 :� q|K0

and that, for x P K8, we have:

qpxq ¥ C}x}2

for some constant C depending only on δ,M,N , and η. Then the forms q0 and q
have N -spectral defect ¤ η.

Theorem 6.4 ([17, Theorem 1.8 and page 266] and [32, Lemme 17 and Remarque
18]). Let H be a Hilbert space with norm } � }. Let η ¡ 0, and let q and qm for each
m P N be positive quadratic forms on H with common domain Dpqq. Let } � }m be
additional norms on H, and assume that:

(1) there are constants C1, C2 ¡ 0 such that

C1 }x} ¤ }x}m ¤ C2 }x} � εmqpxq
1{2 pwith εm Ñ 0q @x P H.

(2) for all x P Dpqq, we have

lim
mÑ8

}x}m � }x}.

(3) for all x P Dpqq, we have

qpxq ¤ qmpxq, @m P N.
(4) for all x P Dpqq, we have

lim
mÑ8

qmpxq � qpxq.

If in addition q satisfies hypothesis (�) for some δ, M , and N , then there exists an
m0 such that for m ¥ m0, qm and q have N -spectral defect ¤ η.
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6.2. The approach of Colin de Verdière. Our first main result is the gener-
alization of [17, Theorem III.1] to the case of Riemannian orbifolds. Our proof
follows that of [32, Theorem 11]. We note that we make a minor change to the
definition of gε from [17], replacing ε with ε2, in order to be consistent with [32]
and other arguments in this paper. Note that by Theorem 5.2, for any N 1 ¡ 0,
there is an N ¡ N 1, a δ ¡ 0, and an M ¡ 0 such that hypothesis (�) is satisfied for
the eigenvalues of the Neumann problem on U .

Theorem 6.5. Let pO, gq be a closed oriented Riemannian orbifold of dimension
n ¥ 3 and let U � O be a compact orbifold domain with interior U and manifold
boundary Θ :� BU � BpO r Uq. Assume that for some δ, M , and N , hypothesis
(�) holds for the eigenvalues of the Neumann problem on U . Then for any η ¡ 0
there exists a C8 metric hη on O such that hη|U � g|U and such that the N -spectral

defect of the Neumann problem on U and the Laplacian on pO, hηq is ¤ η.

Proof. We first give a brief outline of the proof. To begin, we will define a piecewise
smooth metric gε given by shrinking g on O r U and approximate gε with smooth
metrics gm,ε. The first step will then be an application of Theorem 6.4 to show that
for quadratic forms qε and qm,ε on H1pO, gq associated to gε and gm,ε, respectively,
the N -spectral defect can be made arbitrarily small for N large. In the second
step, we give a decomposition K0 ` K8 of H1pO, gq and apply Theorem 6.3 to
show that for small ε, the N -spectral defect of qε and qε|K0

can be made arbitrarily
small. The third step is to show that ε can be chosen so that qε|K0

and the standard

quadratic form associated to the Neumann problem on pU, gq have arbitrarily small
N -spectral defect, also an application of Theorem 6.3. Then an application of
Lemma 6.2 demonstrates that, for sufficiently large N and small ε, the N -spectral
defect of the Neumann problem on pU, gq and pO, gm,εq can be made arbitrarily
small.

Fix ε ¡ 0 and choose a decreasing sequence F εm ¥ F εm�1 of positive smooth
functions on O such that F ε

m|U
� 1 for each m, ε ¤ F εmpxq ¤ 1 for each m and

x P OrU , and limmÑ8 F
ε
mpxq � ε for each x P OrU . Define the metrics gε, gm,ε

on O by

(6.1) gε �

#
g on U,

ε2g on O r U,
gm,ε � pF εmq

2g.

Note that gε is not a connected sum metric in the sense of Definition 2.5, but rather
is multi-valued on the set Θ, which has measure zero, and smooth on U and OrU
separately. Below, integrals on U and OrU will be with respect to the definition of
gε that is continuous on that piece. Moreover, the smooth metrics gm,ε :� pF εmq

2g
converge to the discontinuous metric gε on O r Θ.

Let H � L2pO, gq and let Dpqq � H1pO, gq, which will be the common domain
of the quadratic forms we now define. We will use pϕ1, ϕ2q to denote an element
ϕ P Dpqq where ϕ1 � ϕ|U and ϕ2 � ϕ|OrU . For metrics gε and gm,ε on O, define
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quadratic forms qε and qm,ε on Dpqq by

qεpϕq � }∇gεϕ}
2
L2pO,gεq

�

»
U

|∇gεϕ1|
2
gε dvgε �

»
OrU

|∇gεϕ2|
2
gε dvgε

�

»
U

|∇gϕ1|
2
g dvg � εn�2

»
OrU

|∇gϕ2|
2
g dvg,

where the notation | � |g indicates that the norm is taken using the metric g, and

qm,εpϕq �

»
U

|∇gϕ1|
2
g dvg �

»
OrU

pF εmq
n�2|∇gϕ2|

2
g dvg.

Define the norms } � }ε and } � }m,ε by

}ϕ}2ε � }ϕ}2L2pO,gεq

�

»
U

|ϕ1|
2 dvgε �

»
OrU

|ϕ2|
2 dvgε

�

»
U

|ϕ1|
2 dvg � εn

»
OrU

|ϕ2|
2 dvg

and

}ϕ}2m,ε � }ϕ}2L2pO,gm,εq

�

»
U

|ϕ1|
2 dvg �

»
OrU

pF εmq
n|ϕ2|

2 dvg.

Since ε ¤ F εmpxq ¤ 1 on O r U , we have that qεpϕq ¤ qm,εpϕq for all ϕ P Dpqq.

Recalling that limmÑ8 F
ε
mpxq � ε on O r U , it follows that gm,ε Ñ gε pointwise

on O r U , and hence limmÑ8 qm,εpϕq � qεpϕq and limmÑ8 }ϕ}m,ε � }ϕ}ε for all
ϕ P Dpqq. Finally,»

OrU
|ϕ2|

2 dvgε ¤

»
OrU

|ϕ2|
2 dvgm,ε

¤

»
OrU

|ϕ2|
2 dvg �

1

εn

»
OrU

|ϕ2|
2 dvgε ,

implying that }ϕ}2ε ¤ }ϕ}2m,ε ¤ ε�n}ϕ}2ε.
It follows that the qε and qm,ε satisfy the hypotheses of Theorem 6.4 and hence

that the N -spectral defect of the quadratic form qε on Dpqq � H1pO, gq associated
to the metric gε and the quadratic form qm,ε associated to the metric gm,ε can be
made arbitrarily small for m large. This completes the first step.

We next will apply Theorem 6.3 for suitable subspaces K0 and K8 of Dpqq �
H1pO, gq in order to show that for small ε, qε and qε,0 � qε|K0

have N -spectral

defect arbitrarily small. To define these spaces, first note that for ϕ P H1pO, gq,
the restriction ϕ|Θ P H1{2pΘ, Bgq by the Trace theorem, Theorem 3.4 (2). Let

P : H1{2pΘ, Bgq Ñ H1pOrU, gq denote the harmonic extension operator; see Lem-
mas 5.5 and 5.6, and note that the harmonic extensions with respect to g and gε
coincide. For ϕ � pϕ1, ϕ2q P Dpqq � H1pO, gq, we can express

(6.2) pϕ1, ϕ2q �
�
ϕ1, P pϕ1|Θq

�
�
�
0, ϕ2 � P pϕ1|Θq

�
.

Note that since pϕ1, ϕ2q P H
1pO, gq, so are both pϕ1, P pϕ1|Θqq and p0, ϕ2�P pϕ1|Θqq.

With this, we define

K0 :�
 
pϕ1, P pϕ1|Θqq

(
� Dpqq
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and

K8 :�
 
p0, ψ2q

(
� Dpqq.

Note that for p0, ψ2q P K8, ψ2|Θ � 0|Θ in L2pΘ, Bgq. By Equation (6.2), it is clear
that Dpqq � K0 ` K8. Furthermore, K0 and K8 are qε-orthogonal. Indeed, for
ϕ,ψ P Dpqq � H1pO, gq, the symmetric bilinear form q̂ε associated to qε is given by

q̂εpϕ,ψq �
1

2

�
qεpϕ� ψq � qεpϕq � qεpψq

�
.

By direct computation, we find using Green’s Theorem (Theorem 3.5) that

2q̂ε

��
ϕ1, P pϕ1|Θq, p0, ψ2q

�	
�

»
OrU

x∆gεP pϕ1|Θq, ψ2ygε dvgε �

»
Θ

ψ2

�
ν
�
P pϕ1|Θq

�	
dvBgε

�

»
OrU

x∆gεψ2, P pϕ1|Θqygε dvgε �

»
Θ

P pϕ1|Θq
�
νpψ2q

�
dvBgε .

The first term vanishes because P pϕ1|Θq is harmonic; the second because ψ2 is zero
on Θ; the third term vanishes by the Hodge decomposition theorem, Theorem 4.4,
as ∆gεψ2 P E0pO r U, gεq and hence is orthogonal to P pϕ1|Θq; and the fourth term

vanishes because νpψ2q � νp0q � 0 by the definition of H1pO, gq. Therefore, q̂ε � 0.
Now, let C � ε�2λD1 pO r Uq, where λD1 pOrUq is the first nonzero eigenvalue of

the Dirichlet problem on OrU with respect to the metric g. Recall that ∇g � pd�δq
(with δ � 0 on functions) and ∇2

g � ∆g. Then by Theorem 5.4, λD1 pO r Uq is the
infimum of the Rayleigh quotient

}∇gψ2}L2pOrU,gq

}ψ2}L2pOrU,gq

where ψ2 ranges over nonzero C1 functions on O r U that vanish on the boundary
Θ. Thus, we have that for ψ � p0, ψ2q P K8,

qεpψq � εn�2

»
OrU

|∇gψ2|
2
g dvg

¥ εn�2λD1 pO r Uq

»
OrU

|ψ2|
2 dvg

� ε�2λD1 pO r Uq
�
εn

»
OrU

|ψ2|
2 dvg

	
� C}ψ}2ε.

As hypothesis (�) is satisfied for the eigenvalues of the Neumann problem on U , it
follows by Theorem 6.3 that the quadratic forms qε on Dpqq and qε|K0

on K0 (both
with respect to the norm } � }ε) have N -spectral defect arbitrarily small for small
enough ε. This completes the second step.

We now turn our attention to the third step. First, note that K0 can be identified
with H1pU, gq via the map pϕ1, P pϕ1|Θqq ÞÑ ϕ1. Define the quadratic form

qpϕq :�

»
U

|∇gϕ|
2
g dvg

on H1pU, gq and the norm

}ϕ}20 :� }ϕ}2
L2pU,gq

�

»
U

|ϕ|2 dvg.
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Then q is the quadratic form associated to the Neumann problem on U with domain
H1pU, gq, see Proposition 3.8 and [6, Section 3.1]. Suppose that ϕ � pϕ1, P pϕ1|Θqq P
K0. From Equation (6.2), it follows that the restriction qε,0 of qε to K0 is given by

qε,0pϕq �

»
U

|∇gϕ1|
2
g dvg � εn�2

»
OrU

|∇gP pϕ1|Θq|
2
g dvg,

and similarly the restriction } � }ε,0 of } � }ε to K0 is given by:

}ϕ}2ε,0 :� }ϕ}2L2pO,gεq
�

»
U

|ϕ1|
2 dvg � εn

»
OrU

|P pϕ1|Θq|
2 dvg.

To apply Theorem 6.4, fix a sequence εm Ñ 0 and consider qm,0 :� qεm,0 and
norms }�}m,0 :� }�}εm,0. We note that hypotheses (2), (3), and (4) of the theorem are
obviously satisfied, as is the first inequality of (1). To verify the second inequality
of (1), let ϕ � pϕ1, P pϕ1|Θqq P K0. By Lemma 5.6, there is a constant C ¡ 0
independent of ϕ such that }P pϕ1|Θq}H1pOrU,gq ¤ C}ϕ1|Θ}H1{2pΘ,Bgq, i.e.,»

OrU
|P pϕ1|Θq|

2 dvg ¤ }P pϕ1|Θq}
2
H1pOrU,gq ¤ C2}ϕ1|Θ}

2
H1{2pΘ,Bgq.

Then by Theorem 3.4 (2), there is a constant C 1 ¡ 0 independent of ϕ such that

}ϕ1|Θ}H1{2pΘ,Bgq ¤ C 1}ϕ1}H1pU,gq.

Finally, by Gaffney’s inequality, Lemma 4.5, as }dϕ}2
L2Ω1pU,gq

� qpϕq and δϕ � 0,

there is a C2 ¡ 0 independent of ϕ such that

}ϕ1}H1pU,gq ¤ C2
�
}ϕ1}L2pU,gq � qpϕq1{2

�
.

Combining these observations and setting C3 � CC 1C2, we have»
OrU

|P pϕ1|Θq|
2 dvg ¤ pC3q2

�
}ϕ1}L2pU,gq � qpϕq1{2

�2
,

and hence, by a straightforward computation,

}ϕ}0 ¤ }ϕ}m,0 ¤ }ϕ1}L2pU,gq

�
1 � εn{2m C3

�
� εn{2m C3qpϕq1{2.

This demonstrates that hypothesis (1) of Theorem 6.4 is satisfied, and we conclude
that the Neumann quadratic form q on U and the form qε restricted to K0 have
arbitrarily small N -spectral defect for sufficiently small ε. This completes the third
step.

With this, we conclude that, for sufficiently large m and small ε, the N -spectral
defect of qε and the Laplacian associated to gm,ε can be made ¤ η{3, the N -spectral
defect of qε and qε|Kε

0
is ¤ η{3, and the N -spectral defect of qε|Kε

0
and the standard

quadratic form associated to the Neumann problem on U ¤ η{3. By Lemma 6.2,
letting hη :� gm,ε, it follows that the N -spectral defect of the Laplacian of pO, hηq

and the Neumann problem on U is ¤ η, completing the proof. �

Remark 6.6. For manifolds, Theorem 6.5 has recently been extended to the case
of dimension n � 2 in [16, Theorem 2.1] using similar techniques to those above.
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6.3. The approach of Rauch and Taylor. We now consider an alternate method
to approach the question of convergence of eigenvalues following the work of Rauch
and Taylor [36]; see also [2, 3, 4, 6, 12, 13].

In [36], Rauch and Taylor proved that when we remove a ball of radius ε from
a Euclidean domain and endow the newly-formed boundary with Dirichlet or Neu-
mann conditions, the eigenvalues of the resulting ε-Laplacian acting on functions
tend, as ε Ñ 0, to the eigenvalues of the Laplacian on the original domain. This
result has been extended to removing small open balls in compact, connected man-
ifolds [12, 13], tubular neighborhoods of submanifolds [2], the Laplacian acting on
differential forms in these settings [3, 4], and non-compact complete manifolds with
infinitely many balls removed [6]. Here, we are interested in the following.

Let pO, gq be a closed oriented Riemannian orbifold with Laplace eigenvalues
λkpO, gq. Suppose that p P O is an isolated singular point and ε ¡ 0 is small

enough so that Bpp, εq contains no other singularities. Let Uε � O r Bpp, εq, and
then we obtain eigenvalues λNk pUε, g|Uε

q of the Laplacian acting on functions on Uε
with Neumann boundary conditions.

Theorem 6.7. Let pO, gq be a closed oriented Riemannian orbifold of dimension
n ¥ 2. With notation as above, we have for k � 0, 1, 2, . . . ,

lim
εÑ0

λNk pUε, g|Uε
q � λkpO, gq.

Proof. This result is proven by a direct generalization of the corresponding result
for manifolds given in [2, Section 2]. First, one establishes the corresponding result
for Dirichlet eigenvalues, limεÑ0 λ

D
k pUε, g|Uε

q � λkpO, gq, see also [12, Proposition

(N)], implying that lim supεÑ0 λ
N
k pUε, g|Uε

q ¤ λkpO, gq. For the opposite inequality,

Anné defines a family of extension operators Pε : H1pUε, g|Uε
q Ñ H1pO, gq given by

harmonic extension from BBpp, εq to Bpp, εq, see Lemma 5.6 and [6, Definition 4.1
(iii)], and demonstrates that }Pε} is bounded independently of ε. It follows that for
a sequence εp Ñ 0, if ϕkpεpq P H

1pUε, g|Uε
q are orthonormal eigenfunctions corre-

sponding to the λNk pUε, g|Uε
q, there is a subsequence such that Pεpϕkpεpq is weakly

convergent in H1pO, gq and, by Rellich’s theorem, norm convergent in L2pO, gq.
Hence, limpÑ8 Pεpϕkpεpq is an eigenfunction for ∆g on H1pO, gq corresponding to

eigenvalue limpÑ8 λ
N
k pUε, g|Uε

q, implying that limpÑ8 λ
N
k pUε, g|Uε

q ¥ λkpO, gq. �

7. Approximating the spectrum on forms

The goal of this section is to prove Theorem 7.1, an analogue of Theorem 6.5 for
the case of the Laplacian acting on differential forms, generalizing [32, Théorème 11]
to orbifolds. To begin, recall from Section 5.1 that for a closed oriented Riemannian
orbifold pO, gq of dimension n, λp,kpO, gq denotes the eigenvalue spectrum of the
Laplacian acting on p-forms and µp,kpO, gq denotes the spectrum of the Laplacian
on coexact p-forms. Recall that the spectrum of the Laplacian on p-forms for all
p � 0, 1, . . . , n is determined by the spectrum on coexact p-eigenforms for p �
0, 1, . . . , tpn� 1q{2u; see Remark 5.1.

Recall [39, Theorems 1 and 2] that de Rham cohomology generalizes readily to
orbifolds and is canonically isomorphic to the singular cohomology of the underlying
space. Following [32], define the quotient vector space

HppU{Oq :�
!
ω |ω P ΩppUq, dω|U � 0

)L!
ω|U |ω P ΩppOq, dω � 0 on O

)
,
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where U � O is a compact orbifold domain with interior U and smooth manifold
boundary Θ :� BU � BpO r Uq. We then have the following generalization of [32,
Théorème 11].

Theorem 7.1. Let pO, gq be a closed oriented Riemannian orbifold of dimension
n ¥ 3 and let U � O be a compact orbifold domain with interior U and smooth
manifold boundary Θ :� BU � BpO r Uq. Then there exists a sequence of metrics
gm such that

(1) limmÑ8 VolpO, gmq � VolpO, gq.
(2) Letting sp denote the dimension of the cohomology group HppU{Oq, we

have for p ¤ tpn � 3q{2u that limmÑ8 µp,kpO, gmq � 0 when k ¤ sp, and
limmÑ8 µp,k�sppO, gmq � µp,kpO, gq when k ¥ 1.

(3) In addition, if for 1 ¤ p ¤ tpn� 3q{2u the µp,kpU, gq satisfy hypothesis (�)
for some δ, M , and N , then for every ε ¡ 0, there exists an m such that the
N -spectral defect of the Laplacians on O and U with respect to the metric
gm, and with Neumann boundary conditions on U , is ¤ ε.

As stated in [32, p.973], Theorem 7.1 does not hold for p � tpn � 1q{2u. Note
that as in Section 6.2, hypothesis (�) is satisfied for arbitrarily large N .

The Laplacian ∆g commutes with both d and δ and hence sends exact forms to
exact forms. Therefore, applying Theorem 5.3 to the case of a closed orbifold so
that the boundary conditions are vacuous yields the following; see [32, Proposition
8].

Proposition 7.2. Let pO, gq be a closed oriented Riemannian orbifold of dimension
n. The eigenvalues and eigenspaces of the restriction of the Laplacian to the space
of exact forms are those of the quadratic form

q̃pωq � }ω}2L2ΩppO,gq

relative to the norm
}ω}g � inf

dϕ�ω
}ϕ}L2ΩppO,gq.

We can now proceed with the proof of Theorem 7.1, which closely follows that
of Jammes in [32, Théorème 11] and is similar to the proof of Theorem 6.5. We
therefore summarize the proof, making note of the places where one must check
that the argument continues to hold for orbifolds.

Proof of Theorem 7.1. As in the proof of [32, Théorème 11], fix ε ¡ 0 and define
the metrics gε and gm,ε on O as in Equation (6.1). The three main steps of the proof
are the same as those carried out for functions in the proof of Theorem 6.5 above.
The first step is to show that for fixed ε, gε can be approximated by a smooth
metric gm,ε so that as mÑ8, the N -spectral defect between the quadratic forms
associated to gε and gm,ε can be made arbitrarily small. The proof of this step for
orbifolds is identical to that given in [32].

The second and third steps of the proof require that we decompose the space
Ep�1pOq of exact pp�1q-forms into subspaces K0 � K1`K2 and K8. As explained
in [32], the decomposition ultimately rests on [32, Proposition 6], which provides
the existence of a coexact primitive with minimal L2-norm for every exact form
in Ep�1pOq. Because we have shown that the Hodge decomposition theorem holds
for orbifolds, Theorem 4.4, the proof of [32, Proposition 6] carries directly to the
orbifold setting, and the classes in HppU{Oq can be represented by forms that
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are harmonic on U . Thus, the decomposition of Ep�1pOq into K0 `K8 with K0 �
K1`K2 can be carried out for orbifolds exactly as for the manifold case as explained
in Jammes.

From here, the second step uses Theorem 6.3 to show that for small ε, Q and
Q|K0

have N -spectral defect arbitrarily small. The third step then uses Theorem 6.4
to show that Q|K0

and g|U have N -spectral defect arbitrarily small. With the

decomposition of Ep�1pOq into K0 ` K8 established, the proofs of the second and
third steps carry verbatim from [32]. Finally, by an application of Lemma 6.2, we
conclude that the statement of Theorem 7.1 holds. �

8. Collapsing connected sums

We now apply Theorems 6.5 and 6.7 in the case of functions and Theorem 7.1 in
the case of forms to create sequences of orbifolds whose Laplace spectra approach
that of a manifold, and vice versa. We begin with the following construction.

Let pOi, giq, i � 1, 2, be closed oriented Riemannian orbifolds, both of dimension
n ¥ 3. After possibly scaling g1 or g2, we may assume for both pO1, g1q and pO2, g2q
that the injectivity radius is greater than 2. For a point xi P Oi, denote by Bpxi, rq
the open ball of radius r about xi P Oi. Choose a point p1 P O1 such that p1 is
either nonsingular or an isolated singular point. Choose a point p2 in O2 such that
the boundary of Bpp2, 1q contains no singular points. We assume for simplicity
that within a neighborhood of Bppi, 2q, the metric gi is Euclidean (see [5, p. 548]).
Again by rescaling, we may further assume that for i � 1, 2, the ball Bppi, 2q is
completely contained within a single orbifold chart centered at pi for i � 1, 2.

We now construct the connected sum Oε of O1 and O2. Let Oiprq � OirBppi, rq
and suppose that ε   1. If Sn�1prq � Rn denotes the sphere of radius r with
the standard metric hr inherited from the Euclidean metric on Rn, then letting
BOiprq denote the boundary of Oiprq with inherited boundary metric Bgi, by our
hypothesis that gi is Euclidean on Bppi, 2q, we see that pBO1pεq, Bg1q is isometric
to pSn�1pεq, hεq and pBO2p1q, ε

2Bg2q is isometric to pSn�1p1q, ε2h1q. Furthermore,
pSn�1pεq, hεq can be mapped isometrically to pSn�1p1q, ε2h1q via the restriction of
the map Rn Ñ Rn given by x ÞÑ ε�1x. Taking the composition of these maps, ϕε :
pBO1pεq, Bg1q Ñ pBO2p1q, ε

2Bg2q, allows us to create the connected sum of pO1, g1q
and pO2, ε

2g2q by excising balls about p1 and p2 and identifying the boundaries of
pO1pεq, g1q and pO2p1q, ε

2g2q via ϕε so that the resulting sum is oriented. Call this
connected sum pOε, gεq, where

gε �

#
g1 on O1pεq,

ε2g2 on O2p1q.

Under this construction, pOε, gεq is a closed, smooth, oriented orbifold, and the
metric gε is a connected sum metric in the sense of Definition 2.5 that is not
differentiable along the glued boundary. Hence, the spectrum of the Laplacian ∆ε

associated to gε satisfies the hypotheses of Theorem 5.9.
After using this construction in Sections 8.1 through 8.3 to produce sequences

of orbifolds with singular points (resp. manifolds) whose Laplace spectra converge
to that of a manifold (resp. orbifold with singular points), in Section 8.4 we use
Theorem 6.5 to generalize to orbifolds a result of Colin de Verdière about prescribing
the first N elements of the spectrum.
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8.1. Collapsing for the Laplacian acting on functions. We now show that
with the construction of pOε, gεq as above, as ε tends to zero, there is a family
of metrics on Oε agreeing with g1 on O1 so that the eigenvalues of the Laplacian
acting on functions on Oε tend to those of O1 with its original metric.

Theorem 8.1. Let pOi, giq, i � 1, 2, be closed oriented Riemannian orbifolds of
dimension n ¥ 3 and for each ε ¡ 0, let pOε, gεq denote the connected sum as
described above. Let η ¡ 0 and let N ¡ 0 be an integer. There exist ε ¡ 0 and
a smooth metric hη,ε,N on Oε with hη,ε,N |O1pεq � g1|O1pεq and such that for all
k � 0, 1, . . . , N ,

|λkpOε, hη,ε,N q � λkpO1, g1q|   η.

Proof. By Theorem 6.7, we have for each k ¥ 0 that limεÑ0 λ
N
k pO1pεq, g1|O1pεqq �

λkpO1, g1q where we recall that λNk pO1pεq, g1|O1pεqq denotes the kth eigenvalue of the
Neumann problem on pO1pεq, g1|O1pεqq and λkpO1, g1q denotes the kth eigenvalue of
the Laplacian on pO1, g1q. Hence, for fixed η ¡ 0 and N ¡ 0, there exists ε ¡ 0
such that the N -spectral defect of the Neumann problem on pO1pεq, g1|O1pεqq and
the Laplacian on pO1, g1q is less than η{2.

As limkÑ8 λkpO1, g1q � 8 by [15, Proposition 3.2], there are M , N 1 ¥ N , and
δ ¡ 0 such that hypothesis (�) holds for the λkpO1, g1q. Then by decreasing ε if
necessary, hypothesis (�) holds as well for the λNk pO1pεq, g1|O1pεqq (with 2M , N 1, and
δ{2). Then there exists by Theorem 6.5 a metric hη,ε,N on Oε with hη,ε,N |O1pεq �
g1|O1pεq and such that the N -spectral defect of the Laplacian on pOε, hη,ε,N q and of
the Neumann problem on pO1pεq, g1|O1pεqq is less than η{2. Thus, it follows that the
N -spectral defect of the Laplacian on pOε, hη,ε,N q and the Laplacian on pO1, g1q is
less than η as desired. �

As a special case of Theorem 8.1, we prove the existence of a sequence of orbifolds
with singular points whose Laplace spectra converge to that of a smooth manifold.

Theorem 8.2. For each N ¡ 0 and m ¥ 2, there is a sequence tpO`, h`qu`PN of
2m-dimensional closed oriented orbifolds with singular points and a closed oriented
manifold pM, gq such that as ` Ñ 8, the Laplace spectra of pO`, h`q converge to
that of pM, gq in the sense that for all k � 0, 1, . . . , N ,

|λkpO
`, h`q � λkpM, gq|   1{`.

Proof. In the construction above, let pO1, g1q � pM, gq where pM, gq is a closed
oriented Riemannian manifold and take pO2, g2q to be an orbifold with singular
points such that the singular set of O2 lies outside Bpp2, 1q. Let η � 1{`. By
Theorem 8.1, there exist ε1{` ¡ 0 and metric h1{`,ε1{`,N on Oε1{` such that for all
k � 0, 1, . . . , N ,

|λkpOε1{` , h1{`,ε1{`,N q � λkpM, gq|   1{`.

By shrinking if necessary, we may assume ε1{p`�1q   ε1{`   1{` for each `. Then

take pO`, h`q � pOε1{` , h1{`,ε1{`,N q. �

Finally, let us note that for every m ¥ 1, there is a compact 2m-dimensional
orbifold with a single singular point. When m � 1, the well-known teardrop is such
an example. To see this for m ¥ 2, let s, a1, . . . , at be positive integers such that
s ¥ 2 and gcdps, aiq � 1 for each i. Recall that the lens space Lpt, a1 . . . , atq is
the quotient of S2t�1 � Ct�1 by the action of Zs generated by pz1, . . . , zt�1q ÞÑ
pζa1z1, . . . , ζ

atzt, ζzt�1q where ζ is a primitive sth root of unity. By [38, Theorems
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4.4, 4.10, and 4.16], there exists for each t ¥ 1 a lens space Lpt, a1 . . . , atq that is
the boundary of an oriented manifold M that is compact by construction. Letting
Bpt, a1 . . . , atq denote the orbifold given by the quotient of the closed unit ball
B2t�2 � Ct�1 by the same action and noting that Bpt, a1 . . . , atq has a single
singular point with isotropy Zs, we have BBpt, a1 . . . , atq � Lpt, a1 . . . , atq. Hence,
identifying BM with BBpt, a1 . . . , atq yields a closed, oriented orbifold with a single
singular point as claimed.

With this, suppose that pO1, g1q is an oriented orbifold with a single singular
point p1. If we excise a neighborhood about p1 and take the connected sum with
a manifold pM,hq in place of pO2, g2q, an argument identical to the proof of Theo-
rem 8.2 yields the following.

Theorem 8.3. For each N ¡ 0 and m ¥ 2, there is a sequence tpM `, h`qu`PN of
2m-dimensional closed oriented manifolds and a closed oriented orbifold pO, gq with
a single singular point such that as `Ñ8, the spectra of pM `, h`q converge to that
of pO, gq in the sense that for all k � 0, 1, . . . , N ,

|λkpM
`, h`q � λkpO, gq|   1{`.

8.2. Another approach to collapsing for functions. As in Section 8.1, we
consider again the relationship between the eigenvalues of the Laplacian acting on
functions on Oε and on O1. If we relax the condition that the metric on O1 be the
original metric g1, we achieve the following using only Theorem 6.5.

Theorem 8.4. Let pOi, giq, i � 1, 2, be closed oriented Riemannian orbifolds of
dimension n ¥ 3 and let pOε, gεq denote the connected sum as described above. Let
ε ¡ 0, η ¡ 0, and let N ¡ 0 be an integer. There is a smooth metric hη,ε,N on
the connected sum Oε and a smooth metric gη,ε,N on O1 such that hη,ε,N |O1pεq �
gη,ε,N |O1pεq � g1|O1pεq, i.e., all three metrics coincide on O1pεq, and such that for
all k � 0, 1, . . . , N ,

|λkpOε, hη,ε,N q � λkpO1, gη,ε,N q|   η.

Proof. Considering O1pεq as a subset of the smooth orbifold Oε, extend the metric
g1|O1pεq arbitrarily to a smooth metric g̃ε on Oε. As in the proof of Theorem 8.1, as
limkÑ8 λkpOε, g̃εq � 8, by increasing N if necessary, there is a δ and M such that
hypothesis (�) holds for the λkpOε, g̃εq, hence for the λNk pO1pεq, g1|O1pεqq. Applying
Theorem 6.5 to the smooth metric g̃ε on Oε with U � O1pεq � Oε, there is a smooth
metric hη,ε,N on Oε that agrees with g1 on O1pεq such that the N -spectral defect of
the Neumann problem on pO1pεq, g1|O1pεqq and of the Laplacian on pOε, hη,ε,N q is
less than η{2. Similarly, applying Theorem 6.5 to the smooth metric g1 on O1 with
U � O1pεq � O1, there is a smooth metric gη,ε,N on O1 that agrees with g1 on O1pεq
such that the N -spectral defect of the Neumann problem on pO1pεq, g1|O1pεqq and
pO1, gη,ε,N q is less than η{2. It follows that the N -spectral defect of the Laplacian
on pOε, hη,ε,N q and the Laplacian on pO1, gη,ε,N q is less than η, completing the
proof. �

Using the same logic as for Theorems 8.2 and 8.3 together with Theorem 8.4, we
have the following two results.

Theorem 8.5. For each N ¡ 0 and m ¥ 2, there is a sequence tpO`, h`qu`PN
of 2m-dimensional closed oriented orbifolds with singular points, a closed oriented
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manifold M , and a sequence g` of metrics on M such that as ` Ñ 8, the spectra
of pO`, h`q and pM, g`q converge in the sense that for all k � 0, 1, . . . , N ,

|λkpO
`, h`q � λkpM, g`q|   1{`.

Moreover, the metrics g` converge pointwise to a smooth metric g on the comple-
ment of a point in M .

Theorem 8.6. For each N ¡ 0 and m ¥ 2, there is a sequence tpM `, h`qu`PN of 2m-
dimensional closed oriented manifolds, a 2m-dimensional closed oriented orbifold O
with a single singular point, and a sequence of metrics g` on O such that as `Ñ8,
the spectra of pM `, h`q and pO, g`q converge in the sense that for all k � 0, 1, � � � , N ,

|λkpM
`, h`q � λkpO, g

`q|   1{`.

Moreover, the metrics g` converge pointwise to a metric g on the complement of
the single singular point in O.

8.3. Collapsing for the Laplacian acting on forms. In this section, we observe
that using Theorem 7.1, we may extend the results of Section 8.2 to the spectrum
of the Laplacian acting on forms. Specifically, we have the following.

Theorem 8.7. Let pOi, giq, i � 1, 2, be closed oriented Riemannian orbifolds of
dimension n ¥ 3 and for each ε ¡ 0, let pOε, gεq denote the connected sum as
described above. For 1 ¤ p ¤ tpn � 3q{2u and each ε ¡ 0, η ¡ 0, and integer
N ¡ 0, there is a smooth metric hη,ε,N on the connected sum Oε and a smooth
metric gη,ε,N on O1 such that hη,ε,N |O1pεq � gη,ε,N |O1pεq � g1|O1pεq, i.e., all three
metrics coincide on O1pεq, and such that for all k � 0, 1, . . . , N ,

|λp,kpOε, hη,ε,N q � λp,kpO1, gη,ε,N q|   η.

The proof is identical to that of Theorem 8.4, except that we apply Theorem 7.1
in place of Theorem 6.5. Note that by Theorem 5.2, limkÑ8 λ

N
p,kpO1pεq, g1|O1pεqq �

8 so that by increasing N if necessary, there is a δ ¡ 0 and M such that the
λNp,kpO1pεq, g1|O1pεqq satisfy hypothesis (�). With this, we can again apply the meth-
ods used to prove Theorems 8.5 and 8.6 to obtain the following.

Theorem 8.8. For each N ¡ 0 and m ¥ 2, there is a sequence tpO`, h`qu`PN
of 2m-dimensional closed oriented orbifolds with singular points, a closed oriented
manifold M , and a sequence g` of metrics on M such that as ` Ñ 8, the spectra
of the Laplacian acting on p-forms, 1 ¤ p ¤ tpn � 3q{2u, on pO`, h`q and pM, g`q
converge in the sense that for all k � 0, 1, . . . , N ,

|λp,kpO
`, h`q � λp,kpM, g`q|   1{`.

Moreover, the metrics g` converge pointwise to a smooth metric g on the comple-
ment of a point in M .

Theorem 8.9. For each N ¡ 0 and m ¥ 2, there is a sequence tpM `, h`qu`PN of 2m-
dimensional closed oriented manifolds, a 2m-dimensional closed oriented orbifold O
with a single singular point, and a sequence of metrics g` on O such that as `Ñ8,
the spectra of the Laplacian acting on p-forms, 1 ¤ p ¤ tpn � 3q{2u, on pM `, h`q
and pO, g`q converge in the sense that for all k � 0, 1, � � � , N ,

|λp,kpM
`, h`q � λp,kpO, g

`q|   1{`.

Moreover, the metrics g` converge pointwise to a metric g on the complement of
the singular point in O.
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8.4. Prescribing a finite part of the spectrum via collapsing. In this section,
we briefly discuss the question of prescribing the first N nonzero eigenvalues of the
Laplacian of a closed oriented orbifold. We appreciate the suggestion from an
anonymous referee that these results be included here.

The main result of [17] is that for any closed manifold M of dimension n ¥ 3
and any positive integer N , there is a Riemannian metric on M such that the first
nonzero eigenvalue of the Laplacian of pM, gq acting on functions has multiplicity
N . This was later generalized to show that the first N eigenvalues of M can be
prescribed to be any positive values, see [18], and was generalized in [32] to the case
of the Laplacian acting on p-forms for 1 ¤ p   n{2 when n ¥ 6.

Here, we indicate how these results can be extended to the case of closed orb-
ifolds. For simplicity, we restrict to the case of the Laplacian acting on functions.
Succinctly, Colin de Verdière’s approach involves embedding a graph or surface
with the desired spectrum into the manifold, extending the metric globally while
maintaining a small N -spectral defect, and then using the weak Arnold’s hypothesis
(see below) to show that the metric on the graph or surface can be perturbed so
that the spectrum of the resulting Laplacian on M obtains the desired values. This
approach extends directly to the orbifold case by using Theorem 6.5 and performing
the embedding away from the singular set.

Choose 0   λ1 ¤ λ2 ¤ � � � ¤ λN . By [18, Section 2], there is a compact
neighborhood B of b0 :� pλ1, . . . , λN q P RN , a closed surface S, and a family of
metrics pgbqbPB on S satisfying the weak Arnold’s hypothesis (WAH). Specifically,
let Eb denote the b-eigenspace of the Laplacian ∆b associated to the metric gb, let
QpEbq denote the space of real quadratic forms on Eb, and let Φ : B Ñ QpEb0q be
the map that assigns to each b P B the quadratic form on Eb0 associated to ∆b

via the natural isometry of Eb onto Eb0 . Then Φpb0q satisfies WAH relative to the
family p∆bqbPB if Φ is essential at Φpb0q, meaning that there is an η ¡ 0 such that
for all continuous Ψ : B Ñ QpEb0q with }Ψ � Φ}L8pBq   η, Φpb0q is in the image
of Ψ. See [20, Section 1] for more details.

Now, let O be a closed oriented orbifold of dimension n ¥ 3. By embedding S
into an orbifold chart at a nonsingular point of O, we may define an embedding
ι : S Ñ O such that a tubular neighborhood U of ιpSq is an orbifold domain that
does not intersect the singular set of O. For each b P B, define a metric g̃b on U
as a product metric with gb on ιpSq so that the first N nonzero eigenvalues of the
Neumann problem on U are given by b. Then by Theorem 6.5, there exists for each
b P B a smooth metric gOb on O that extends g̃b and such that the N -spectral defect

of the Neumann problem on U and the Laplacian on pO, gOb q is ¤ η{2. Moreover,
following the proof of Theorem 6.5, we may by shrinking B if necessary choose
the gε and approximating functions F εm uniformly for each b P B so that the gOb
coincide on O r U . Let Ψ : B Ñ QpEb0q assign to each b P B the quadratic
form associated to the Laplacian of pO, gOb q acting on the eigenspace of the first N
nonzero eigenvalues, which we identify with Eb0 via the natural isometry, and then
Ψ is continuous. Hence }Ψ�Φ}L8pBq   η, which implies that there is a b P B such
that Ψpbq � Φpb0q. That is, the first N nonzero eigenvalues of the Laplacian on
pO, gOb q are given by b0 � pλ1, . . . , λN q. We summarize this observation with the
following.

Theorem 8.10. Let 0   λ1 ¤ λ2 ¤ � � � ¤ λN be real numbers, and let O be a closed
oriented orbifold of dimension n ¥ 3. Then there exists a Riemannian metric g on
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O such that the first N nonzero eigenvalues of the Laplacian on pO, gq are given by
the λ1, . . . , λN .
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(1987), 271–280.
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