LIMITS OF ORBIFOLD 0-SPECTRA UNDER COLLAPSING

CARLA FARSI, EMILY PROCTOR, AND CHRISTOPHER SEATON

ABSTRACT. We consider the behavior of the eigenvalue spectrum of the Lapla-
cian of a connected sum of two Riemannian orbifolds as one of the orbifolds
in the pair is collapsed to a point. We show that the limit of the eigenvalue
spectrum of the connected sum equals the eigenvalue spectrum of the other,
non-collapsed, orbifold in the pair. In doing so, we prove the existence of a
sequence of singular orbifolds whose eigenvalue spectra come arbitrarily close
to the eigenvalue spectrum of a manifold, and a sequence of manifolds whose
eigenvalue spectra come arbitrarily close to the eigenvalue spectrum of a sin-
gular orbifold.
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1. INTRODUCTION

In a series of articles ([3, 5, 4, 28, 6]), Anné, Colbois, and Takahashi, working
alone or in pairs, have studied the behavior of eigenvalues of the Laplacian acting on
functions and forms on closed orientable manifolds under conditions of collapsing
a subset. The authors have considered handled manifolds, manifolds with balls
removed, and connected sums of manifolds. They showed that as the handles
collapse, the balls fill in, or one part of the connected sum collapses, the limit of
the spectrum of the Laplacian acting on functions (resp. p-forms) is equal to the
0-spectrum (resp. p-spectrum) of the Laplace spectrum of the limit space, with
careful counting of the zeros of the spectrum.

In particular, in [28], Takahashi proved that for a connected sum M; U My of
two manifolds, when one collapses Ms to a point, the 0-spectrum of the connected
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sum converges to that of M;. The current work generalizes Takahashi’s result to
the category of orbifolds. Our primary motivation for considering this generaliza-
tion is related to the well-studied yet open question of whether the spectrum of
the Laplacian acting on functions can detect the existence of singularities. In other
words, it is unknown whether or not there can be a manifold that is isospectral
to an orbifold that has nontrivial singularities. Doyle and Rossetti ([12]) and Ros-
setti, Schueth, and Weilandt ([24]) have produced examples of isospectral pairs of
orbifolds have different maximal isotropy orders. This indicates at least the possi-
bility of an isospectral manifold-orbifold pair. We note that in the same direction,
Gordon and Rossetti showed in [17] that it is possible to have a 2p-dimensional
manifold that is isospectral on p-forms to an orbifold with a nontrivial singular set.

In certain contexts, however, it has been shown that a manifold cannot be 0-
isospectral to a singular orbifold. In [14], Dryden and Strohmaier showed that
isospectral orientable hyperbolic orbisurfaces have the same number of cones points
of a particular order. Linowitz and Meyer have also shown that under mild assump-
tions, there is no such manifold-orbifold pair within the class of lengh-commensurable
compact locally symmetric spaces of nonpositive curvature associated to simple Lie
groups ([18]). More generally, by the work of Dryden, Gordon, Greenwald and
Webb it is impossible for an even- (resp. odd-) dimensional orbifold having an odd-
(resp. even-) dimensional singular stratum to be isospectral to a manifold ([13]).

n [17], Gordon and Rossetti showed that a manifold and a nonsingular orbifold
having a common Riemannian covering cannot be isospectral. Finally, Sutton has
shown that it is even that case that if a singular orbifold O and a manifold M admit
isospectral Riemannian coverings M; and Ms, then O and M cannot be isospectral
(27)).

Here, we show that for the connected sum of two orbifolds O; and Os as defined
in Section 1.1, when Oy is collapsed to a point, the O-spectrum of the connected sum
converges to the 0-spectrum of O;. By choosing one of the O; to be a smooth man-
ifold and approximating the singular metric on the connected sum with a smooth
orbifold metric, this generalization of Takahashi’s construction yields a sequence of
singular orbifolds whose spectra converge to that of a smooth manifold, and simi-
larly a sequence of smooth manifolds whose spectra converge to that of a singular
orbifold; see Theorems 1.3 and 1.4. Hence, while the results of this paper do not
provide the existence of a manifold that is isospectral to a singular orbifold, we
demonstrate that the 0-spectra of a nontrivial orbifold and smooth manifold can
in some sense be arbitrarily near one another. In a future paper, the authors will
investigate these questions with respect to the behavior of the p-spectrum of the
Laplacian.

1.1. The construction. In this section, we describe our connected sum construc-
tion in order to state our main results. Further details about the Laplace spectrum
of the connected sum will be provided in Section 2. We refer the reader to [1] or
[20] for more background on Riemannian orbifolds.

Let (O;,9:), i = 1,2, be oriented, closed Riemannian orbifolds, both of dimension
n > 2. After possibly scaling g; or g2, we may assume for both (01, g1) and (Oa, g2)
that the injectivity radius is greater than 2. For a point x; € O;, denote by B(z;,r)
the ball of radius r about z; € O;. We note that here, distance in O; is measured by
the respective metric g;. Choose a point p; € O; such that p; either is not singular
or is an isolated singular point. Choose a point ps in Os such that the boundary
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of the B(p2, 1) contains no singular points. We assume for simplicity that within
B(p;,2), the metric g; is Euclidean (see [5, p. 548]). Again, by rescaling, we may
further assume that for ¢ = 1,2, the ball B(p;,2) is completely contained within a
single orbifold chart centered at p; for i =1, 2.

In what follows, we will consider the connected sum of O and Os. Our ultimate
aim is to shrink Os, so we use the following construction to make this simple. Let
O;(r) = O;\B(pi,r). Now, suppose that e < 1. If S"~!(g) C R" denotes the sphere
of radius € with the standard metric h. inherited from the Euclidean metric on R™,
then, letting 0O;(e) denote the boundary of O;(e) with inherited boundary metric
0g;, by our hypothesis that g; is Euclidean on B(p;,2), we see that (001(g),dg1)
is isometric to (S™71(e),he) and (902(1),£20gs) is isometric to (S"~1(1),&2hy).
Furthermore, (S™~!(¢), h.) can be mapped isometrically to (S"~1(1),e%h;) via the
restriction of the map R™ — R” given by = + ¢ lz. Taking the composition of
these maps, @, : (001(g),dg1) — (004(1),£%0gs), allows us to create the connected
sum of (O1,¢91) and (Oq,£2g2) by excising balls about p; and ps and identifying
the boundaries of (O1(g),g1) and (O2(1),e%gs) via @, so that the resulting sum is
oriented. Call this connected sum (O, g.), where

g = g1 on O (¢)
N e2gy  on Oy(1).

Under this construction, (O, g.) is a closed, smooth orbifold, but the metric is
not smooth along the glued boundary. Nevertheless, letting C;°(O, g-) denote the
algebra of pairs of smooth functions on O; (¢) and O2(1) with appropriate boundary
conditions, see Equation (2.1), we can for each 0 < ¢ <« 1 define a Laplacian A,
acting on Cp°(0, g.); see Section 2. The spectrum of A is a discrete sequence

0=2(0,0:) < M(0,9.) < X(0,9.) < -+ = 0.

1.2. The results. In what follows, we study the behavior of the spectrum of (O, g.)
as € — 0. In particular, we will show the following.

Theorem 1.1. For 0 <e < 1, let (O, g.) and its Laplace spectrum be constructed
as above. Suppose that (O1, g1) has Laplace spectrum 0 = A\o(O1,91) < A1(01,91) <
A2(01,91) < ---. Then for all j =0,1,...,

Eh—>r% )\](0795) = )\J(Olagl)
For each integer k > 0, the convergence is uniform for j =0,1,... k.

In Section 5, we will confirm that for the C°-topology of metrics on an orbifold,
eigenvalues vary continuously with the metric. This will allow us to prove the
following theorem.

Theorem 1.2. Suppose that n > 0 and let k > 0 be any integer. Let O be the
connected sum described above. There is a smooth metric g, on O depending only
on n and k such that for all j =0,1,...,k,

A (O, gni) — Aj(O1,91)| <.

By taking (O1,¢1) to be a Riemannian manifold and (Os, g2) to be a singular
orbifold (and recalling that the singular set of O lies outside B(pz, 1)), the following
theorem follows from Theorem 1.2.
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Theorem 1.3. There is a sequence {(O;, i) }ien of smooth singular orbifolds such
that as © — oo, the spectra of (Oy, g;) tend to the spectrum of a manifold (M, g) in
the sense that for any n > 0 and any integer k > 0,

forallj=0,1,... k.

Finally, let us note that for every n > 1, there is a compact 2n-dimensional
orbifold with a single singular point. When n = 1, the well-known teardrop is such
an example. To see this for n > 2, let s,aq,...,a; be positive integers such that
s > 2 and ged(s,a;) = 1 for each i. Recall that the lens space L(t,a; ..., a:) is
the quotient of S?*! C C!*! by the action of Z, generated by (z1,...,2¢41) =
(€% 21,...,C%2,Cze11) where (€ is a primitive sth root of unity. By [25, Theorems
4.4, 4.10, and 4.16], there exists for each ¢ > 1 a lens space L(t,a;...,a;) that
is the boundary of an oriented manifold M (that is compact by construction).
Letting B(t,a; ..., a:) denote the orbifold given by the quotient of the closed unit
ball B*+2 C C!*! by the same action and noting that B(t,a; ...,a;) has a single
singular point with isotropy Zs, we have 0B(t,a; ...,a;) = L(t,a1 ...,a:). Hence,
identifying OM with 0B(t,a; ..., a;) yields a closed, oriented orbifold with a single
singular point as claimed.

With this, suppose that (O1,¢1) is an oriented orbifold with a single singular
point p;. If we excise a neighborhood about p; and take the connected sum with a
manifold (Ma, g2), we obtain the following.

Theorem 1.4. For each n > 2, there is a sequence {(M;, g;) }ien of smooth man-
ifolds of dimension 2n such that as i — oo, the spectra of (M;,g;) tend to the
spectrum of an orbifold (O, g) in the sense that for any n > 0 and for any integer
k>0,

|>‘J(Mlagl) - /\J(O7g)| <n
forallj=0,1,... k.

1.3. Summary of the paper. In Section 2, we define the Laplacian acting on
functions on the connected sum (O, g.) constructed above and confirm that it
has a discrete eigenvalue spectrum that tends to infinity. Sections 3 and 4 to-
gether constitute a proof of Theorem 1.1. In Section 3, we show that for each
k, limsup,_,o Ax(0,g:) < Ap(O1,91) and in Section 4, we show that for each k,
liminf. o Ax(O, g:) > Ap(O1, ¢1). Finally, in Section 5 we prove that in our context,
the eigenvalues A; (O, g-) vary continuously with respect to the metric, allowing us
to obtain Theorem 1.2.

1.4. Acknowledgements. The authors thank Colette Anné and Junya Takahashi
for helpful correspondence in the course of this work. CS and EP would like to
thank the Department of Mathematics at the University of Colorado at Boulder,
and CF and EP would like to thank the Department of Mathematics and Computer
Science at Rhodes College, for hospitality during work on this manuscript.

2. THE LAPLACIAN ON THE CONNECTED SUM

In this section, we define the Laplacian A, acting on functions on the connected
sum (0, g.) defined in Section 1.1. We confirm that A, has a discrete spectrum of
eigenvalues, each having only finite multiplicity, tending to infinity.
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The orbifold that we constructed in Section 1 was the connected sum of two
orbifolds with boundary. In order to carefully define an orbifold with boundary, we
begin by defining a real half space. Our treatment here follows that of [1], [10], and
[26].

Given a nonzero vector u € R", the corresponding half space R} is given by

R}, :={z e R"|,(z,u) > 0}.

We say that a map h : R} — R™ is differentiable at a boundary point of R if it has
a differentiable extension i : R™ — R™. The derivative Dh of h is the restriction of
Dh to R}.

Definition 2.1. Let Xx be a second countable Hausdorff space and let U be an
open set in Xg. An orbifold chart over U is a triple (U,T'y, my) satisfying

(1) U is a connected open set of R? for some nonzero u € R”,

(2) T'y is a finite group acting by diffeomorphisms on U,

3) my : U — U is a continuous map such that myy = ny for all v € 'y and
which induces a homeomorphism from U /Ty onto U.

Given two orbifold charts U, L'y, my) and (V,Ty,ny) with U €V C X (K, an
embedding X\ : (U, Ty, my) < (V,Ty,mv) is a smooth embedding A : U < V with
Ty A = my.

Definition 2.2. An n-dimensional orbifold with boundary K is a second countable
Hausdorff space X, called the underlying space of K, covered by a maximal atlas of
orbifold charts {(U,, v, , 7u, ) taca satisfying the following compatibility condition:
for any two charts (U,, Ty, ,ny,) and (Uy,T'y,, 7y,) and point x € U, N Uy there
is an open neighborhood U, C U, N U, about x and a chart (UC,FU ,mu,) over U,
such that there are smooth embeddings A, (Uc, Tu,,mu,) < (Ua,FUa,wU ) and
N (U, Ty, my,) < (Ub,I‘Ub,wa) The boundary 0K of K is the set of all points
p € K for which there is a chart (U,, Ty, , 7y, ) such that (j,us) = 0 for all points
p € g, (p)-

The compatibility condition for orbifold charts allows us to consider a form of
transition function between overlapping charts (U,, Ty, ,7r,) and (Uy, Ty, 70,),
namely A\pA; ! (see [1, p.10]). With transition functions in hand, we can define
orientability.

Definition 2.3. We say that an orbifold K is oriented if it is covered by an
atlas of orbifold charts such that for all pairs (U,,T'y,,7y,) and (U, T'y,, 70, ),
det D(AA;Y) >0

Given an orbifold K, with or without boundary, we can construct a Riemannian
structure on K by placing a I'y-invariant Riemannian metric on the local cover U
of each orbifold chart (U ,Tv,my) and patching these local metrics together with
a partition of unity. A smooth orbifold with a Riemannian structure is called a
Riemannian orbifold (see [10, 16]).

Definition 2.4. Let (K,g) be an oriented Riemannian orbifold with boundary.
Suppose that there are no singular points on the boundary 0K of K. Let N be the
inward pointing unit normal vector field along 0 K. We say that K is collared if there
exists a smooth diffeomorphism ¥ : 9K x [0,1) — K onto an open neighborhood
of 0K in K such that ¥(p,0) = p and DX, (0,1) = N, for all p € K.
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For the remainder of the paper, we assume that all Riemannian orbifolds are
compact and oriented. If the orbifold has boundary, we assume that there are no
singular points on the boundary and that the orbifold is collared. When we glue
two orbifolds with boundary together, as in Section 1.1, we choose orientations on
the two orbifolds in such a way that the connected sum has a natural orientation.

Definition 2.5. Let (K, g) be a compact Riemannian orbifold, with or without
boundary. Suppose that {(U;, Tv,, 7, )}, is a finite covering of (K, g) by orbifold
charts. Let {p;}72; be a partition of unity subordinate to {U;}{~,. For a function
f € C*(K) define the integral of f over K by

/K f dv, =i /U ) ) diy

where ~ denotes the lift in all cases and dv, denotes the volume form with respect
to g. We note that although the definition makes use of a particular covering of K,
it can be shown to be independent of the choice of covering (see [10], [16] and [1,

p.34]).

As pointed out by Chiang [10, p.320], given a smooth function f on (K, g),
the lift of f to any orbifold chart U is T'y-invariant, and thus the gradient V[ is
['y-invariant on U as well. Therefore, V f is well-defined on (K,9).

Sobolev spaces for closed orbifolds were introduced in [10] and [16]. Although
both authors gave the definition for orbifolds without boundary, the definition gen-
eralizes readily to compact orbifolds with boundary. (See [26] for a careful discussion
of Sobolev spaces for manifolds with boundary.)

1
‘]‘—‘Ui

Definition 2.6. Let (K, g) be a compact Riemannian orbifold with boundary. Sup-
pose that s is a nonnegative integer. The Sobolev space H*(K, g) is the completion
of C*°(K) with respect to the norm

s 3
I fll s (x.g) = (Z/ |VLfI? dug> .
1=0 7 K
We remark that H°(K, g) = L?(K, g) and that the H'-norm is given by

|l (x,g) = (/Kf2 dvg + /K(Vf)2 d’Ug>§ = ((f Nr2,) + (V. V) L2(k0,9))

Also, as usual, H*(K,g) C H'(K,g) when s > t and the following orbifold version
of Rellich’s theorem holds (see [10, 16]).

N

Theorem 2.7 (Rellich’s Theorem). For (K, g) a compact orbifold without boundary
and s > t, the inclusion H*(K, g) into H' (K, g) is compact.

We now define Sobolev spaces for the connected sum (O, g.) constructed in
Section 1.1. These Sobolev spaces will ultimately allow us to define the Laplacian
A, on (O, g.) in such a way that A, is a non-negative self-adjoint operator whose
spectrum is discrete and tending to infinity.

Definition 2.8. For the connected sum (O, g.), define L?(0, g.) by
L*(0,gc) = L*(O1(), g1) @ L*(02(1),€%g2).

with the componentwise inner product. In this way, L%(O, g.) is a Hilbert space.
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Remark 2.9. Recall that by the trace theorem for manifolds with boundary,
there are trace operators from H'(M,g) to L?(0M,dg) and from H?(M,g) to
H'(OM, dg) satistying |u,,, | L2(on.09) < Cllullz1(ar,g) for some choice of C inde-
pendent of u (see [15, p.258] and [29, Section 4.4]). The trace theorem for manifolds
with boundary is proven by patching together local trace operators between Sobolev
spaces on regions in R™ and their boundaries. Since we consider collared orbifolds
with no singularities along the boundary, the proof of the trace thereom carries
directly to our setting. Thus, the following definitions make sense.

Definition 2.10. The first and second Sobolev spaces on (O, g.) are defined as
follows.

HY(0,g2) = {f = (f1. f2) € H(O1(e), 91) & H'(02(1), €%2) |
fllaol(s) - f2\502(1) ° e in Lg(aOl(e)vagl)}

H*(0,9:) = {f = (1, f2) € H*(O1(¢), 91) ® H*(0a(1),%g2) |
fl‘801(s) = f2|802(1) © Pe in H1(801(8)5691)7
W1 F)lsoy oy = —(€7 112 f2) 0, © Pe in L2(D01(€), 091)}

where 11 and o denote the outward unit normal vector fields along (001 (g), dg1)
and (002(1),0g2), respectively, and thus e vy is the unit outward normal on
(002(1),€2g3). The inner product on each space is given by the direct sum of the
inner products on the two component pieces.

We have the following version of Rellich’s theorem for the connected sum (O, g.).

Theorem 2.11. For L?*(0,g.) and H'(O,g.) defined as above, the inclusion of
HY(0,g.) into L*(0, g.) is compact.

Proof. By assumption, the orbifolds (O1(g),g1) and (O2(1),£2g2) that we use to
construct (O, g.) are collared orbifolds with no singularities along the boundary.
Thus, using an argument similar to [29, p.333], we may double along the bound-
aries of O1(g) and Oz(1) and use Theorem 2.7 to conclude that H(Oy(e),g1) is
compactly embedded in L?(O1(g),g1) and H'(O2(1),£2g2) is compactly embed-
ded in L%(O2(1),e%g2). But the norms on these respective spaces are all com-
puted via a direct sum, and since H' (O, g.) is a closed subspace of H(O1(¢), g1) ®
HY(02(1),€2g2), it follows directly that the inclusion of H*(O, g.) into L?*(O, g.) is
compact. ([l

We will now define the Laplacian A, for (O, g¢). In order to ensure that A, is a
non-negative, self-adjoint operator, we begin by considering

(2.1) G7(0,9:) ={f = (f1, f2) €C(01(e)) & C™(02(1)) |
f1|aol(5) = f2\902<1> O Pe,
1 Mooy, = — (€72 f2)lo, ) © Pe -
Note that Cg°(0O, g.) is a dense subspace of L?(O, g.).
Definition 2.12. For f = (f1, f2) € C;°(0, g¢), define A, by
Acf = (Aglfl,AEZngQ)'
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We use Green’s theorem to show that A. is symmetric and non-negative on
C;°(0, ge). Recall the following two versions of Green’s theorem.

Theorem 2.13 (Green’s Theorem). Let f,h be C* functions on an orbifold K
with boundary OK . Then

(1) <Af7 h>L2(K,g) = <Vf, Vh>L2(K,g) - fa}( h(’/ ’ f) dvag'

(2) (Af,h)r2(k.g) — (f, AR L2k g) = [op (f(v - R) = h(v - f)) dvay,
where v denotes the unit outward pointing normal on OK.
Proof. The manifold version Green’s theorem is derived from Stokes’ theorem by
arguments that are all local in nature, and thus generalize to orbifolds (see, for
example, [29, p.154]). Therefore, if Stokes’ theorem holds for orbifolds, so does
Green’s theorem. But the proof of Stoke’s theorem is also given locally and patched

together with a partition of unity (see [29, p.80]). Therefore it holds for orbifolds
and we are done. ([

Letting K = O;(g) and O2(1) respectively in Part (1) of Green’s theorem and
applying the theorem to a function f = (f1, f2) € (O, g-), we can use Green’s
theorem to confirm that A, is non-negative on Cs°(0, g.) as follows:

(Acf, f)12(0,9.) = (Dgy 1, [1)12(01(6),91) T (De2gs f2, f2) 12(0(1),6292)
=(Vf1,Vf1)12(01(e),91) —/ Ji(v1 - f1) dvag,

801(8)

+{(Vfe, Vi 2)12(05(1),6292) — / fa(e7 e - f2) dvpezg,
202(1)

= (V1. V1) 20, (e),01) T (Vf2, V2) 12(0,(1).c2g0)
> 0.

The last line above follows from the facts that f € C°(0,g.) and that ¢, is an
isometry so ¢} (dv.2gg,) = dvag, -

We can also use Green’s theorem to confirm that A, is symmetric on Cg°(O, g ).
Indeed, for functions f = (f1, f2),h = (h1, h2) € C;°(0, g),

(Acfih)12(0.g.) — (F,Ah) L2(0,4.)
= (Ag, f1,71)12(0,(e).91) T (De2gy f2,h2) 12(04(1) e242)
— (f1, 80, 01) £2(01 (e),01) — (f2: Dezgyh2) 12(05(1) e295)
= (A1 f1,71) 12(01(e).91) — (1, Dgi P1) 12(04 (0).01)
+ (B2, f2,12) 12(05(1) e292) = (f2, Be2g,12) 12(0,(1).2200)

:/ (fi(v1 - h1) = ha(vr - f1)) dvag,
901 (¢)

+/ (fole™ v - ho) — ha(e ™ v - f2)) dvgezg,
302(1)

where we again use the facts that f,h € C;°(0,g.) and ¢} (dv.2gg,) = dvag, -
Since A, is non-negative and symmetric on Cp°(0,g.), if we define a bilinear
form g, on Cp°(0, g:) x Cs°(0, ge) by

qs(fa h) = <A6fa h>L2(O,g5)a
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then the associated quadratic form ¢/ on C5°(O, g.) given by ¢.(f) = ¢-(f, f) is
closable and its closure is associated with a self-adjoint extension of A, (see [11,
Theorem 4.4.5] and [23, Theorem X.23]). We will denote the extension by A, as
well. We remark that this self-adjoint extension of A, is the Friedrich’s extension
and that the domain of the extension is H2(O, g.). The domain of the corresponding
(closed) quadratic form ¢ is H*(O, g.).

The following proposition gives an explicit formulation for g..

Proposition 2.14. For f = (fi, f2) € H*(O,g.) and h = (h1,hs) € H'(O, g.) the
bilinear form q. given by

0. (f,h) = / (V f1, Vhe) dvg, + / (V f, Vha) dvesy,
01(8) 02(1)

is induced from the Laplacian as above, i.e.
QE(f7 h) = <A€fv h>L2(O,gg)'

Proof. By using approximation, we can extend the statement of Green’s theorem
to say that

(A B kg = (VL. VB p2(g) — /a bl fdun,

for f € H*(K,g), h € HY(K,g) (see [29, Exercise 4.4.2.]). The rest of the proof of
the proposition is almost identical to the proof given above that under the appro-
priate gluing conditions A, is a non-negative operator. ([

Finally, we confirm that the spectrum of the Laplacian A, has the following
familiar properties.

Theorem 2.15. The spectrum of eigenvalues of the Laplacian A, is a discrete set
{A\i} with A; > 0 for all i. Each eigenvalue appears in the spectrum only finitely
many times, and the sequence {\;} tends to oo as i — oco. There is also a complete
orthonormal basis of L*(0, g.) consisting of eigenfunctions {f;}52, of Ae.

Proof. Using Corollary 4.2.3. in [11], if we can show that the resolvent operator
(A.+1)~ ! is compact, we will be done. But by Exercise 4.2 also in [11], (A, +1)7!
is compact if and only if H'(O, g.), with norm

1fllg. = (@=(F, 1)+ 1£1120,.))

is compactly embedded in L?(O, g.).

By Proposition 2.14, the g.-norm is the same as the standard H'-norm on
H(O,gc). By Rellich’s theorem (Theorem 2.11), H'(O, g.), with the H!-norm,
is compactly embedded in L?(O,g.). Thus, the spectrum of A. has all of the
desired properties. O

3. AN UPPER BOUND FOR A,(O,g:) AS € = 0

In this section, we prove the following proposition, using the min-max principle.
For simplicity of notation, throughout this section we denote the L?-norm and the
L%-inner product on (O1, 1) by || - [Jo and (-, -)o respectively.

Proposition 3.1. Suppose that (O1,g1) and (O, g.) are defined as in Section 1.1.
Then
limsup A¢ (0, gc) < A (01, g1).

e—0
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Remark 3.2. The proof of Proposition 3.1 is the first half of the proof of Theo-
rem 1.1.

We begin by considering the cutoff function y. : [0,00) — [0, 1] given by

0 0<r<e
Xe(r) =S —=In(L) e<r<ye

1 Ve<r
(see [28, Section 3] and [4, Section 6]). Now, define x. : O1 — [0,1] by x.(z) =
Xe(dg, (p1,2))-
Remark 3.3. In the case we are considering here, since we are working with a
radial distance based at p; and orthogonal charts centered at p;, the distance in O
between the center point p; and a point x contained in an orbifold chart about p;

is exactly equal to the distance in the associated manifold chart above p; between
the center point 0 and any point in the preimage of x.

We now prove two lemmas about y. that will aid us in our proof of Proposi-
tion 3.1.

Lemma 3.4. Let x. : O1 — [0, 1] be defined as above. Suppose that {fo, f1,..., fx}
is a linearly independent collection of smooth functions on (O1,¢q1). There is a
value € > 0 such that for all € < &, the collection {xefo,Xef1s---sXefk} S a
linearly independent set.

Proof. Recall that O1(y/e) = O1\B(p1, /). For each j and € > 0, it is clear from
the definition of x. that fjlo,(,z) = Xefilo,(yz)- As extending each function in
linearly independent set of functions preserves linear independence, we will show
that {xefo, Xef1,-- s Xefr} is linearly independent for some € > 0 by demonstrating

that {folo,(vz)s filo,(ve)s -+ frlo, (v} 18 linearly independent.
For 0 < € < 1, define the set

k
Aa = {(ao»alv"')ak’) € Rk+1‘ Zajf]|01(\/g) = 0} !

i=0
Note that if ¢ < &', then A, C A.,. Assume by way of contradiction that there is
a nonzero element of (. (g 1 A, say 0 # (co, ..., k) € [N.g(o,1) A=~ Then as every
x € O1\{p1} is an element of O1(1/¢) for some ¢ > 0, we have that Zf:o cifi(x)=0
for every x # p1. As Zf:() ¢; f; is smooth and hence continuous, Zf:o ¢ifilp1) =
0, and Zf:o c¢jf; is the zero function, contradicting the linear independence of
{fo, f1,--, f&}. Therefore, nsE(O,l] A, contains only the zero tuple. Recalling that
A, C A for e < & it follows that there is an € € (0, 1] such that Az contains
only the zero tuple, and hence that {folo, () filo,(ve)s- > frlo,(ye)} 18 linearly
independent for each € < €. O

Recall the g.-norm on H'(O, g.), defined in the proof of Theorem 2.15:

1

1lla. = (@=(f, £) + 1 I22(0,9.))*
Lemma 3.5. With x. : O1 — [0,1] defined as above,

tim . —1[l,. = 0.
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Proof. By definition of the g.-norm,
Ixe =17, = lIxe = 1§ + IV = DII3
= [Ixe = 1II5 + IV xell5-

Since x. — 1 is bounded and tends to 0 as € — 0, the first term in this sum goes to
0 as € — 0. If we can show that the limit of the second term is 0, we will be done.
The derivative xL(r) is 0 for r > /¢, so we have

IVxeli=[ (ol
B(p1,Ve)

Since we are concerned with the limit as ¢ tends to 0, we may assume that B(p1, /€)
is contained in an orbifold chart centered at p;. We are also assuming the metric
g1 is Euclidean near p;. Thus our chart can be taken to be the quotient of the ball
of radius /¢ centered at the origin in R™ by a finite orthogonal group G. In this

case, working in radial coordinates (r,6,...,0,) about the origin,
[ el = [,
B(p1,Ve) B(p1,Ve)
1 2
= — (8X€) dr A\ *dr
|G| JB0,z) \ Or
1 0 2
- ( XE) L dr dly - - db,,
|G| JB(o,yz) \ Or
1 4

= — " Ydrdby--- db,
Gl [0,z (e’ 2

L 1 / de de /\/E n=3 4
e N r r
Gl (n€)? Jgnrgry " e

4 n—1 Ve
) [y,
Gl(Ing)* /.

From here, direct computation in the cases of n = 2 and n > 2 shows that
lim. ¢ ||Vxe||2 = 0. Thus we have completed our proof. O

Now, before we begin the proof of Proposition 3.1, we state the min-max prin-
ciple as it applies to our particular situation. We note that by making use of
Proposition 2.14 and Theorem 2.15, the standard proof of the min-max principle
carries over directly (see, for example, [21, Theorem 4.3.13, p. 302]).

Theorem 3.6 (Min-max principle). For f € H* (O, g.), let
VI,

R(f) = :
1F1Z20,6.)
Then
M(O.g) = if  swp R(f).
YCH" (0,9:) 0£f€Y
dimY =k+1

Using the min-max principle, we are ready to prove Proposition 3.1.

Proof of Proposition 3.1. Let { fo, f1,- .., fx} be an orthonormal basis of eigenfunc-
tions of the first k 4+ 1 eigenvalues on (O1,¢1), counted with multiplicity. Denote
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by E the span of {fo, f1,...,fx}. Let xc : O1 — [0,1] be defined as above. By
Lemma 3.4, for small ¢ the span E. of {xcfo, Xef1,- -, Xefx} is a (k+1)-dimensional
subspace of functions on (O1(g),g1). By our definition of H'(O, g.), we can con-
sider each y.f € E. an element of H'(O, g.) via the extension x.f — (x:f,0). In
this way, we now consider E. to be a (k + 1)-dimensional subspace of H!(O, g).

Note that every function u. € E. is of the form u. = (x.f,0) for some function
f € E, but the functions x. f; are not necessarily eigenfunctions of the Laplacian
acting on (O, g:). By the min-max principle,

2
Ak(0,9:) < sup IVOef- Ollz0,60) _ su IIVxe £IIg
ryJE) = = .
(070)76(X5f,0)€E5 ||(X€f7 0)”%2(0’95) ()?éfeE ||X5f||%

We now consider the terms in this supremum in more detail, starting from the
@=-norm.
Observe that by the triangle inequality applied to the g.-norm, we have

IXefllae <M fllac + lIxef = flla

S0
(3.1) Ix=Flz, < IAIG, + 20l lixe f = Flla. + lIxef = I3,
Since for any nonzero f € E and for e small, ||x. f||3 # 0, we can say
Ixefllz, _ I£1, o 2 llalxef = Flla. Ix=f = flia.
Ixe S8~ lIxe /I8 lIxe fII3 lIxe fII
WL
I1£13

where

_ IAIE A1 o 2 llaelIxef = Flla. Ixef = flI2.
Ixef1I5 113 Ixef1I3 xefl3
By the definition of the g.-norm, for any function f, ||f[|2. = [[fII§ + IV /I3

8’ (e)

Thus ) ) ) )
Ixeflls | IVOeNIE _ IAIE . IVAIS | <
+ < + + 67 (e),
Il f112 IxefII3 IAIE A1
and we conclude that - 2 V(2
V(xef 0 Vf 0
< + 67 (e).
IxeflI2 17113
Therefore,
IV(x/)l§
A (0,g:) < sup ————5—
( I T
2
< sup ”Vf!O +<5f(5)
ozree | IfIIG

2
< sup ||Vf!o + sup [67(e)]
otree | IF1G 0£fEE

=X (01,01) + sup [6f(5)],
0£fEE
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where the last equality follows from an application of the min-max principle to
(O1,¢91) and the fact that f € E.

Now we will produce an upper bound §(¢) for the set {6/()|0 # f € E} and
show that () — 0 as ¢ — 0. As an initial simplifying step, note that for any
nonzero f € E and nonzero ¢ € R, by the definition of §/(e), 6/(¢) = 6/ (e).
Therefore,

sup [67(e)] = sup  [07(e)]
0#feE FeE|Ifllo=1

We will assume in what follows that || f|lo = 1.

Suppose that f = cofo +c1f1 + -+ cefx € E. We note that since ||f|lo = 1,
A2+ ~+ci = 1. Since {fo, f1,- .., fr} is an orthonormal basis of eigenfunctions,
by Proposition 2.14

1A1G = 1LFI3 + IV £l
= I£1Ig + (A, fo
= |IFII2 + EXho + AN + -+ i
=14+ N+ EN+ - FEM
<1+ (E+E+ -+
=1+ X
where \; = X\;(O1,91). We note that this conclusion follows from the min-max

principle for finite-dimensional vector spaces as well, but this is the direct argument.
Thus, using the Cauchy-Schwarz inequality applied to the g.-norm we have:

5o = Mla IS, | 21l et = Flla. It = 11,
/I8~ 713 e 1T8 (R
N AP P A PO 00 e
s~ e 118 118
_ I1G — NG XSG 20l lbxe f = Flla.  xef = FIG,
Txe113 /T3 =73
71,0~ e f13) |, 2061 e = Ula, F13 e = 11,
LS I3 [
< QM= e IB) | 20+ Mllxe = T, (14 M)llxe = 115,
2 + 2 + 2
113 e /T3 /T3

By the definitions of x. and the L?-norm on (01, g1), for any nonzero smooth
function f on (01, g1),

I £1I5 < 1£115-

Furthermore, since x.f — f pointwise as ¢ — 0, ||xcfllo = [/fllo- This holds
because O; is compact, and therefore pointwise convergence implies uniform con-
vergence. Therefore, there exists a value £ such that for all ¢ < €1,

1
e 13 2 1008 =
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Thus for € < g1, we have
07 (e) <21+ M) (1 = [Ixe FIIB) +4(L + M) lxe = g, +2(1+ Aw)llxe — 1117,
< 2(1 4+ M) (X =[x FII5) + 2llxe = Ulg. + [Ixe = L17,)-
Now recalling that we denote the volume form on (O1, ¢g1) by dvg,,

1= Ixf1I5 = I8 = Ixef15

- / 12 dvg, / 12 dv,,

= [ - Py,
- /f2(1 ) dvy,
= <f2’ (1 - X§)>0
<12l = x2llo

< A1 = xZllo

= Hl - X?”Ov

by the Cauchy-Schwarz inequality applied to the Lg-norm on (Oq, g1).
Thus

67 (e) < 201+ M) (11 = x2llo + 2lIxe = Ulq. + IIxe = 1[13.)-

Letting 6(g) = 2(1+ Ax) (11 = x2llo) + 2lIxe — llq. + Ixe — 1]|2.) and making use of
Lemma 3.5, we conclude that

M (0, ge) = A (O1,91) +6(e)
where 0(e) — 0 as € — 0. Therefore
lim sup A (O, g:) = Ax (01, g1)

e—0

as desired. O

4. A LOWER BOUND FOR A,(0,g:) AS € — 0

In this section we will prove Proposition 4.1, which constitutes the second half
of Theorem 1.1.

Proposition 4.1. Suppose that (O1, g1) and (O, gc) are as defined in Section 1.1.
Then
)\k(Ol, 91) S lim lglf )\k(O, ge)~
E—r

The proof of Proposition 4.1 will follow directly from Lemmas 4.2 and 4.3 below.

Lemma 4.2. For each j =0,1,...,k, liminf._,o A;(0, g:) is an eigenvalue of the
Laplacian acting on functions on (01, g1).

Proof. For notational simplicity, throughout the proof let o; = liminf._,o A;(O, g.).

In order to pass from information about eigenvalues of (O, g.) to information
about eigenvalues of (01, g1), we must first pass from information about associated
eigenfunctions on (O, g.) to information about associated eigenfunctions on (O1, g1).

With this in mind, let f; . = ( j17€7 fﬁe), j=0,1,...,k be an orthonormal collection
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of eigenfunctions associated to the first k + 1 eigenvalues of A, on (O, g¢). For each
j =0,1,... k, consider fj{g € H'(O1(g),91). We note that for any j, it is not
necessarily the case that fj{5 is an eigenfunction of the Laplacian on (O1(g), g1)
under any choice of boundary conditions.

Since we are assuming that ¢ is small enough that B(p1, €) is contained in a single
chart, for each choice of & > 0 we can harmonically extend f;_ to an element fjlg of
H'(O1,¢1). (In the case that the chart is a quotient, since the Laplacian is invariant
under the action of the group, we can lift to the cover, extend harmonically, and
then average if necessary.) Furthermore, with this extension, we are guaranteed
that there is some constant C, independent of function and indices, such that

K

|1101,91) < CIfj i 01(e),01)

(see [22, Example 1, p.40]).

Consider a sequence (¢;) with ¢, — 0 as ¢ — oo. For a particular choice of
J, since o = liminf. o A;(O, g:), we may assume that (¢;) is such that a; =
lim,, 0 A;(O, gc,). For this sequence (g;), consider the associated sequence ( _Jle)
We observe that (f}_,) is a bounded sequence in H'(Oy,g1). Indeed, for each e;,
since f; ., is part of an orthonormal collection of eigenfunctions of A., on (O, ge,)
we have

17 e s 0100y < OB 0 err0n)
< Ol + 17e 1 (05 1) 20)
= C(If;.,

+ ||fj2,s,:H2L2(02(1),5392) + ||vfj2,ei||2L2(02(1),5592))

(fjeill 2000,y + Gee(Fienr Fie)

( %2(0,959 + (0, 92) 1 f.e,

(1+2(0,9,))

(

2 1 2
L2(01(e0),01) T ”vfjvsi L2(01(€4),91)

c
=C 72(0.9.,)

c

c

where 0(g;) — 0 as g; — 0, as proven at the end of Section 3.
Since (_]151) is a bounded sequence in H'(Oy,g;), there is a subsequence that
converges weakly in H*(O1,g1) (see [15, p.639]). Thus, after reindexing, we have
a sequence ( _jle) that converges weakly to an element fjl in H*(Oy,¢g1) and such
that X;(O,g.,) converges to «; as ¢; — 0. Furthermore, by Rellich’s theorem
(Theorem 2.7), the inclusion of H'(O1,¢1) in L?*(O1,¢1) is compact. Therefore,
(f}.,) converges strongly to f} in L?(O1, g1).

We now show that for each j =0,1,...k, f]l is an eigenfunction of the Lapla-
cian acting on (O1,g1), with eigenvalue «;. To begin, let ¢ be an element in
C(O1\{p1}), the set of compactly supported smooth functions on O\ {p1}. This
means that v is 0 in a neighborhood about p; and thus is an element of H(O1, g1).

We note that (Vf}, V) 1200, ,4,) = lime, 50(V f} .., V) 12(0, 4, as follows. By
definition,

(F1 0 100,90 = (F1 ) 12(01,00) + (VI VY L2(04,91)-
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On the other hand, from the fact that (f}_,) converges weakly to f} in H'(O1,g1),
<fj1’ V) H1(01,91) = Eliiin0<-fj1,s,;a V) H(01,g1)
= 813510 ((Frreis ) 22(00,00) + (Ve V) L2(01,01)) -
Since (f}.,) converges strongly to f} in L?(O1, 1),
<‘f_.J1’77ZJ>L2(01191 hm <fg e V) L2(01,91)-

Thus we conclude that (Vf Vzp}Lz(ol gy = limg, Ho(Vf] s V) 12(04,91)-

We now use the fact that f;., = (f} .., f7.,) is an eigenfunction of the Laplacian
on (O, g.) to compute <Vf V) 1200, ;) more explicitly. Recall that 1) is 0 on a
neighborhood about p;, so for small enough ¢, <fj e V) L2(01,91) = (fj{si V) L2(04 (e4),91)
and <ij7€,vw>Lz O1,91) = <Vf s V) 12(0, (¢),g1)- Therefore,

(VI V) L2(04,01) = hm <Vf es V) L2(01,91)
hm <Vf] s V) L2(04 (61),01)
- hm ((Vf] cos V) L2(0, (20).00) + (V200 L2(0a(1).22g2))
— lim g (£l £22)(60)
= lim (0,0 )(( e £22). (0. 0200,
= 81}310 )‘j(oagei)«f]‘,aia¢>L2(Ol( D) T (me O>L2(02(1),E?g2))
= Eliiglo A (O, gai)(ﬂﬁi ) ¢>L2(ol,g1)

= O‘j<fjlv 1/}>L2(01791)‘

By a proof almost identical to that of Lemma 1 in [2], we have that C3°(O1\{p1})
is dense in Hl(Ol,gl) Thus <Vf]1,V1/)>L2 O1,91) = <f w>L2(01,91) for all ¢ €
H'(01,¢1), making f} a weak solution for the Laplacian acting on (Oy,g1). Since
the regularity theorem for weak solutions holds for orbifolds (see [10]), we conclude
that in fact, fjl is an element of C*°(0;) and Afjl = ajfjl.

Thus, for every 5 = 0,1,...,k, o is an eigenvalue of the Laplacian acting on
(01, g1), as desired. O

We now turn to the second lemma that we will need to complete the proof of
Proposition 4.1.

Lemma 4.3. For each k € N, liminf. o A\ (O, gc) = \i(O1, 1) for some l > k.

Proof. For 5 = 0,1,...,k, let fjl be as in the proof of Lemma 4.2. From the
proof Lemma 4.2, we know that fjl is an eigenfunction of the Laplacian acting
on (01, g1) with eigenvalue equal to liminf._,o A\;(O, g-). Thus, for our particular
choice of k, liminf. 0 Ax(O, g:) = Ai(O1,g1) for some I. We will show that | > k
by showing that {f3, fi,..., fk} is an orthonormal set. If this is the case, then
these eigenfunctions correspond to distinct eigenvalues in the Laplace spectrum of
(O1,91). These eigenvalues may or may not be the first & + 1 eigenvalues in the

spectrum, but at least we can say that liminf. .o A (O, g:) = A\(O1,g1) for some
1>k
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Our main tool in showing orthogonality will be to show that the second com-

ponents, fﬁei, of the eigenfunctions of the Laplacian acting on (O, g¢,) tend to 0

as ¢; — 0. We need a common space of comparison so we begin by considering

;28 = 5?/2 jzs in H1(O2(1), g2). The sequence (f? #.,) is bounded in HY(05(1), g2)

as follows. By a conformal change of variables, for ¢; > 0,

TL
P e 205100y = 1Fiei 12 02(1) e2g5)7

et IV el

12(0s(1).90) = IV f7es L2(02(1)a 92)°
This implies that

722 /2 02 12
1f7 el (0s(1).00) = €5 Fiei I (0a(1),0)

= n||f'28LH§11(02(1),92)
e (172,11 22(00(1).00) F 1V F7 e 172005 (1).09))
= ||fj25,-HL2(02(1),sng) +ef VI,

2 2
< 3,51HL2(02(1),5392) + ||ij,ei||L2(oz(1),ggg2)

2
L2(02(1),792)

2
= || f5e, HH1 (02(1),e792)

An argument almost 1dentlcal to the one above that (f} e ) is a bounded sequence in

H'(O1, g1) shows that ( .,) is a bounded sequence in H' (02(1), g2). Thus it has a
subsequence that converges weakly in H'(O2(1), g2) and strongly in L?*(O2(1), g2).
Call the limit f2 We will show that f2 =0.

The norm on any Hilbert space is sequentlally lower-semicontinuous with respect
to the weak topology on the space (see [15, p.639]). Thus, since (~2 ) converges

k JsEi
weakly to f7 in H'(Oa(1), g2),

HijH%{l(Og(l),gg) < h{gl_lfolf Hij,EiH%{l(OQ(l))gQ),
i.e.

H.fj2||%2(02(1),g2)+||vfj2”%2(02(1),_172)
< . . ~2 2
< liminf (|| /7,

722
£2(02(1).00) T IV e I22(001).00))-
But because (ffe ) converges strongly to f’jQ in L?(03(1), g2), we conclude that

vajgniz(oz(l)»gz) < hsrfl_%lf va?& %2(02(1)792)'

Now,

IV F7.e.

L20020,0) < ENVIe L2000 + IV e lE2(020),00))
(ENV 1} 200 eoy,0n) + RV FEe,
e (IVFie 1220000 + IV f7es
€76, (fie fie)

=720, 9:,)
£i2(0, ge,)

e2(\j(01,91) + 8(21)),

L2(O2(1)792))

2
Lz(Oz(l),efgg))

i ||L2(O,gel)
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where d(g;) — 0, as in Section 3, and therefore is bounded. Thus, we have
IVf3., %2(02(1)&2) — 0 as g — 0. This in turn implies that Vf7 = 0 and f7
is constant.

Before completing the proof that ff is 0, we observe that the sequence ( ff .,) in

fact converges strongly to fj2 in H'(O5(1), g2). Indeed,

hm 177 =17 e 17 021),00)
= hm (||f2 ]El L2(02(1) 92) + vaQ vaEz L2(02(1), 92))
= limy (177 = FZel20a00).00 + IV £ 22(02(0)00)
— 0

since (ffs ) converges strongly to ff in L2(02(1), g1)-

Now, consider the trace of ij on the boundary of O2(1). By the trace theorem
(see Remark 2.9), there is a constant C' independent of function and indices such
that

2
155100, oy ||L2<602(1),8g2)
< |I(f7 - e oo 1L2(905(1).02) + I1f? il HL?(aozu),agz)
<CNF = Fellmosyen + 157e, ||L2(aoz<1>,agz>-

If we can show that Hfj%ai\ao N 22(905(1),89,) — 0 as &5 — 0, then since ff is
2(1

constant, we can conclude that ff =0 on all of (Oz(1), g2).
By a change of variables on the (n — 1)-dimensional boundary 90O5(1) and the
gluing conditions on H*(O, g, ),

r3 2
Hsz,ei‘ ||L2(8O2(1)7392) = Hf?/ fj%ai‘ ||L2(602(1),892)
804(1) 202(1)

=/ €i5?71\|fj2,5i‘ [ 22(00,(1),092)
005(1)
_ - 2
= \/€z||fj,ei|802(l) 122004 (1),02g2)
= VGillfje, 122504 (c1),091)
901 (=)

The results from [3, p.275] can be applied here to conclude that in our situation,

for x € 801(51'),
T0 1
2
fa@fs [ o

where rg is the maximum distance from p; of points in the support of fjl’si. Direct
computation then implies that

2
j,€i HH1(01(€¢)7!]1)’

Ceir/|loge;] ||f]18Z \H1 (O1(ei),g1) 1fn=2

ng”f] eZ”Hl (O1(24),91) if n > 3.

= 1
6i”fj’gi'lao () ”LQ(aOl(Ei)ﬁm) > {
1(&4
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By the work above, ||f}_.[l#1(0,(e,),g) 15 bounded, from which it follows that
lim,, 0 ||fj2757‘I | L2(904(1),89,) = 0. Therefore for all j =0,1,...,k, ij =0.
) 2(1) . _
Finally, we are ready to prove that {fg, fi,..., fi} is an orthonormal collection

of eigenfunctions in L?(01,g1). By the strong L2-convergence of (ff,ai), for any
4,1 €0,1,...k we have

<ﬂ17ﬁ1>L2(O1,91) 11m0<fj eﬂfl 51>L2(O1,g1

hm (<f] s,vfl 51>L2(O1(E ),91) + <fj eufl a,>L (B(p1751)791))'

But
hm0<f] cor Jle) L2 (B .2).01) = O-

Ei—>

Therefore,

<f_.j1’ -fl1>L2(017g1) - EliLno (<fj1,6i’ fl1,€i>L2(Ol(5i)7gl))

Eliglo (<fjl,5ia fllg,.>L2(Ol(gi),g1) + <f_]2,81 s fl2,51>L2(02(1),5§92)

- < ‘]elifl £4 >L2(O2(1)a5 .‘]2))
= hm ({fjei fres 120, 9e.) — En<fj2,si7fl%si>L2(O2(1)792))

= lim ((Fier fre) 120,90y = (Freis o)) L2(0a(1).00))
Elilglo (0 — <fj,a,-7fz,a,i>L2(oz(1),g2))

=050 — ([}, ) 12(00(1) 00)

since f? = f2 = 0. O

Proof of Proposition 4.1. By Lemma 4.2, liminf._,0 A\t (O, g-) is an eigenvalue of
the Laplacian acting on functions on (O1, g1). Thus, liminf._,o At (O, g:) = N(O1,91)
for some [. Lemma 4.3 tells us that [ > k. From this we conclude that A;(O1,91) <
liminf, o Ak (O, g:), as desired. O

Finally, the statement of Theorem 1.1, that Ax(O1,g1) = lime_0 A\, (O, ge), fol-
lows directly from Propositions 3.1 and 4.1.

5. CONTINUITY OF THE EIGENVALUES AND THE PROOF OF THEOREM 1.2

In this section, we prove Theorem 1.2. Specifically, following [28, Section 5], we
explain how the results of [7, Theorem 2.2] extend to closed orbifolds, implying that
the eigenvalues A\, (O, g-) vary continuously with respect to the metric. Therefore,
we may obtain Theorem 1.2 by approximating the non-smooth metrics g. with
smooth metrics on O.

Let O be a closed orbifold, and let @ := S*(TO) denote the symmetric tensor
product of the tangent bundle TO of O with itself. We fix an orbifold atlas for O
and define an atlas for @ by defining for each chart (U I'y,ny) for O the chart
Vo= (SQ(TU) Ty, my) where the action of I'y on V is that induced by the ac-
tion on U see [1, Definition 1.27]. Following [9, Definition 6], for 1 < r < oo,
we let C] Orb(O, Q) denote the collection of complete C" orbifold maps from O to
Q. With respect to these fixed atlases, a complete C" orbifold map is given by a
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map of underlying spaces along with, for each chart (U,Ty,ny) for O, a group
homomorphism I'yy — I'y and corresponding equivariant C™-lift U — V. Then by
[9, Theorem 1], the space CJ 5,1, (O, Q) equipped with the C* topology is a smooth
C* manifold locally modeled on a Fréchet space.

Let m : @ — O denote the projection map, with local homomorphisms I';; —
I'y given by the identity homomorphism and local lifts given by the projections
7:V = U. Let SecS%,(0,Q) denote the subspace of €%, (O, Q) consisting of
those f : O — @ such that 7o f is equal to the (complete orbifold) identity map
on O. Then Sec],1, (0, Q) is a closed subset of C2¢,,,,(0, @), as it is the preimage
of the singleton given by the identity map under the smooth map C%, (0, Q) —
CoH, (0, 0) given by composition with m. Moreover, the distance function defined
in [8, Definition 36] corresponds to the usual Fréchet distance function for manifolds,
see [7, Section 1.1}, when applied to elements of Sec; 4, (O, @), implying that this
distance function is translation-invariant with respect to the vector space structure
on the space of sections Sec;,,(0,Q). It follows that Secy,, (0, Q) has the
structure of a Fréchet space.

We now explain how the results of [7, Sections 1.2 and 2| extend readily to
orbifolds. Fix a point x € O, let P, denote the set of symmetric positive definite
forms on T,,0 x T, O, and let S, denote the set of symmetric forms on 7,0 x T,.0O.
Note that if (I,Ty,7y) is an orbifold chart for O such that mr(0) = z, then
elements of P, correspond to I'y-invariant symmetric positive definite forms on
ToU x ToU, and similarly for elements of S,. For ¢,1 € S, we define ¢ < 1 to
mean that ¢ — ¢ is positive definite. Bando and Urakawa define the distance p/ on
P, by

(0, 90) = inf{6 > 0| exp(—=8)p < ¥ < exp(d)¢p}.
Then [7, Lemma 1.1] demonstrates that a nonsingular linear transformation 7,0 —
T.,,O induces an isometry on (P, plt), that (P, p/) forms a complete metric space,
and that the application of ¢ € P, to an element of 7,0 x T, O yields a continuous
function on P, with respect to p//. The proofs of these statements extend directly
to the orbifold case by simply restricting to I'y-invariant forms and noting that
limits of I'y-invariant forms with respect to p!/ are I'y-invariant.

We continue to follow [7] by defining metrics p”" and p on Sec;,4, (0, Q) as

P"(gh g2) = sup p/wl((gl)am (92)z)
zeO

and
p(g1.92) = p'(91,92) + P (91, 92),
where g1,92 € Secyo,1,(0,Q) and p'(g1,92) denotes the Fréchet norm of g — go.
Then the proof of [7, Proposition 1.2], that (Secfoorb(O, Q), p) is a complete metric
space, again extends directly to the orbifold case by the above observations.
With this, we have the following extension of [7, Theorem 2.2] to orbifolds.

Theorem 5.1. Let O be a closed orbifold and 6 > 0. If g1,92 € Secyo,(0,Q)
such that p(g1, g2) < 9§, then for each k =0,1,2...,

Ae(0, g1)
exp(—(n+1)0) < 7)%(0,92)

Therefore, \i, is a continuous function of Secs,, (0, Q) equipped with the C° topol-
0gy.

< exp((n + 1)9).
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Proof. Bando and Urakawa prove this result for manifolds by showing that if
p"(g1,92) < 6 and if f is any smooth function with support contained in a neigh-
borhood U, then

IV A5, _ IV£Ilg, IVII5,

A5, — 713, 1015

They then patch the local result (5.1) together using a partition of unity and apply
the min-max principle in their setting ([7, Proposition 2.1]) to conclude that

(5.2)  exp(=(n+1)0)Ak(0, g2) < A(0, 1) < exp((n+1)6)Ax(O, g2).

Of course, the local estimate given by Equation (5.1) holds in a chart U when
restricted to I'y-invariant g1, g2, and f. Since orbifolds admit partitions of unity,
we can make a similar argument and apply our min-max principle (Theorem 3.6)
to conclude that Equation (5.2) holds in our setting as well. Because this argument
uses Theorem 3.6, which holds for piecewise smooth metrics, the continuity of Ag
extends to such piecewise smooth metrics in the C° topology. O

(5.1) exp(—(n + 1)0) < exp((n+1)d)

With this, we now turn to the proof of Theorem 1.2, following [28, Section 5].
Fix k and let n > 0. By Theorem 1.1, there is an € > 0 such that for j = 0,1,... k&,
we have

A(0,9:) = X (01, g0l < 5

for the piecewise smooth metric g.. Choosing a sequence of smooth metrics g; that
converge to g. in the C°-topology, Theorem 5.1 implies that there is an I such that

Ui
|>‘j(ngl) - /\j(O’gs)| < 5
Setting g, r = g1 completes the proof.
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