Chapter 2

Sequences and Series

2.1 Discussion: Rearrangements of Infinite
Series

Consider the infinite series

LA SIS S SN S D S
~ n 23 4 5 6 7 8

If we naively begin adding from the left-hand side, we get a sequence of what
are called partial sums. In other words, let s,, equal the sum of the first n terms
of the series, so that s; = 1, so = 1/2, s3 = 5/6, s4 = 7/12, and so on. One
immediate observation is that the successive sums oscillate in a progressively
narrower space. The odd sums decrease (s; > s3 > s5 > ...) while the even
sums increase (s3 < 84 < 86 < ...).

Sp < 84 < 8 < -5+ <85< 83 < 871

It seems reasonable—and we will soon prove—that the sequence (s,,) eventu-
ally hones in on a value, call it .S, where the odd and even partial sums “meet”.
At this moment, we cannot compute S precisely, but we know it falls somewhere
between 7/12 and 5/6. Summing a few hundred terms reveals that S = .69.
Whatever its value, there is now an overwhelming temptation to write

1 1 1 1 1
(1) S=1 2+3 4+5 6+7 8+
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meaning, perhaps, that if we could indeed add up all infinitely many of these
numbers, then the sum would equal S. A more familiar example of an equation
of this type might be

2—1+1+1+1+i+i+i+
o 2 4 8 16 32 64 ’

the only difference being that in the second equation we have a more recognizable
value for the sum.

But now for the crux of the matter. The symbols +, —, and = in the preced-
ing equations are deceptively familiar notions being used in a very unfamiliar
way. The crucial question is whether or not properties of addition and equality
that are well understood for finite sums remain valid when applied to infinite ob-
jects such as equation (1). The answer, as we are about to witness, is somewhat
ambiguous.

Treating equation (1) in a standard algebraic way, let’s multiply through by
1/2 and add it back to equation (1):

1 1 1 1 1 1 1
55’ 5 1 + 1 -3 +T -1 NS
1 1 1 1 1 1 1 1 1 1 1 1
+ S _§+§_,_i_g_,_t'_?_g_t'_,_r_i_ﬁ_ﬁ_i_ﬁ_...
3 1 1 1 1 1 1 1 1 1
(2) §S 1 +§_§+5 _A'_?_,_A'_, +ﬁ _5+§

Now, look carefully at the result. The sum in equation (2) consists precisely
of the same terms as those in the original equation (1), only in a different order.
Specifically, the series in (2) is a rearrangement of (1) where we list the first
two positive terms (1 + 3) followed by the first negative term (—3), followed
by the next two positive terms (1 + 1) and then the next negative term (—7).
Continuing this, it is apparent that every term in (2) appears in (1) and vice
versa. The rub comes when we realize that equation (2) asserts that the sum of
these rearranged, but otherwise unaltered, numbers is equal to 3/2 its original
value. Indeed, adding a few hundred terms of equation (2) produces partial
sums in the neighborhood of 1.03. Addition, in this infinite setting, is not
commutative!

Let’s look at a similar rearrangement of the series

> (=12
n=0
This series is geometric with first term 1 and common ratio r = —1/2. Using
the formula 1/(1 — r) for the sum of a geometric series (Example 2.7.5), we get
PR U U S TS NS ERS SRS SN SR
2 4 8 16 32 64 128 256  1—(-3) 3

This time, some computational experimentation with the “two positives, one
negative” rearrangement

1+1 1+1+1 1+ 1+ 1 1
4 2 16 64 8 256 1024 32
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yields partial sums quite close to 2/3. The sum of the first 30 terms, for instance,
equals .666667. Infinite addition is commutative in some instances but not in
others.

Far from being a charming theoretical oddity of infinite series, this phe-
nomenon can be the source of great consternation in many applied situations.
How, for instance, should a double summation over two index variables be de-
fined? Let’s say we are given a grid of real numbers {a;; : ¢,j € N}, where
ai; =1/297"if j >4, a;; = —1if j =4, and a;; = 0 if j < i.

r—1 L0

o=

1
4

N[

16
0 -1 34
o o0 -1 4 1
o 0 0 -1 3
0o 0 0 0 -1

We would like to attach a mathematical meaning to the summation
o0
> o
ij=1

whereby we intend to include every term in the preceding array in the total.
One natural idea is to temporarily fix ¢ and sum across each row. A moment’s
reflection (and a fact about geometric series) shows that each row sums to 0.
Summing the sums of the rows, we get

oo 0o oo 0o
Zaijzz Qi :Z(O):O
i,7=1 i=1 \j=1 i=1

We could just as easily have decided to fix j and sum down each column first.
In this case, we have

S oS (S0) S ()

i,j=1 j=1 \i=1 j=1

Changing the order of the summation changes the value of the sum. One com-
mon way that double sums arise (although not this particular one) is from the
multiplication of two series. There is a natural desire to write

(Z ai> (Z bj) = %:aibj,
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except that the expression on the right-hand side makes no sense at the moment.

It is the pathologies that give rise to the need for rigor. A satisfying resolu-
tion to the questions raised will require that we be absolutely precise about what
we mean as we manipulate these infinite objects. It may seem that progress is
slow at first, but that is because we do not want to fall into the trap of letting
the biases of our intuition corrupt our arguments. Rigorous proofs are meant to
be a check on intuition, and in the end we will see that they actually improve
our mental picture of the mathematical infinite. As a final example, consider
something as intuitively fundamental as the associative property of addition
applied to the series Y.~ (—1)". Grouping the terms one way gives

(-1+1)4+(-1+)+(-14)+(-1+41)+---=0+0+0+0+---=0,
whereas grouping in another yields
- 1+(1-D)+01-D)+0-D)+AQ-1)+-+=-14+0+0+0+0+--- = —1.

Manipulations that are legitimate in finite settings do not always extend to
infinite settings. Deciding when they do and why they do not is one of the
central themes of analysis.

2.2 The Limit of a Sequence

An understanding of infinite series depends heavily on a clear understanding of
the theory of sequences. In fact, most of the concepts in analysis can be reduced
to statements about the behavior of sequences. Thus, we will spend a significant
amount of time investigating sequences before taking on infinite series.

Definition 2.2.1. A sequence is a function whose domain is N.

This formal definition leads immediately to the familiar depiction of a se-
quence as an ordered list of real numbers. Given a function f: N — R, f(n) is
just the nth term on the list. The notation for sequences reinforces this familiar
understanding.

Example 2.2.2. Each of the following are common ways to describe a sequence.

(0 (15 51),

(i) () =55

(iii) (an), where a,, = 2™ for each n € N,
(

)
)
)
(iv)

Zn), where 1 = 2 and x,,41 = “’";1.
On occasion, it will be more convenient to index a sequence beginning with
n = 0 or n = ng for some natural number ng different from 1. These minor

variations should cause no confusion. What is essential is that a sequence be an
infinite list of real numbers. What happens at the beginning of such a list is of



